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Abstract

We provide an analysis of AdaBoost within the framework of algo-
rithmic stability. In particular, we show that AdaBoost is a stability-
preserving operation: if the “input” (the weak learner) to AdaBoost
is stable, then the “output” (the strong learner) is almost-everywhere
stable. Because classifier combination schemes such as AdaBoost have
greatest effect when the weak learner is weak, we discuss weakness and
its implications. We also show that the notion of almost-everywhere
stability is sufficient for good bounds on generalization error. These
bounds hold even when the weak learner has infinite VC dimension.

1 Introduction

We provide an analysis of AdaBoost within the framework of algorithmic
stability. In particular, we show that AdaBoost is a stability-preserving
operation: if the “input” (the weak learner) to AdaBoost is stable, then the
“output” (the strong learner) is almost-everywhere stable. Because classifier
combination schemes such as AdaBoost have greatest effect when the weak
learner is weak, we discuss weakness and its implications. We also show
that the notion of almost-everywhere stability is sufficient for good bounds
on generalization error. These bounds hold even when the weak learner has
infinite VC dimension.

Recently, Bousquet and Elisseeff [1] used the notion of algorithmic stabil-
ity to prove generalization error bounds for learning algorithms. The attrac-
tion of such an approach is that it avoids the traditional notion of VC di-
mension [11], and allows us to focus on a wider class of learning algorithms



than empirical risk minimization. For example, this approach provides gen-
eralization error bounds for regularization-based learning algorithms [1] that
have been awkward to analyze within the VC framework.

Boosting algorithms have attracted some attention, particularly since the
introduction of AdaBoost by Freund and Schapire [5]. Boosting enables one
to combine weak hypotheses into a strong hypothesis. Such algorithms fall
outside the rubric of empirical risk minimization. However, most attempts
to analyze the generalization performance of AdaBoost, including margin
analysis [9], have relied on the notion of VC dimension.

There are two problems with such analyses. First, they apply only when
the weak learner has finite VC dimension. For example, if the weak learner
itself is based on regularization, existing analyses [5, 9] do not apply. Does the
boosting process, which forces the weak learner to focus on hard examples,
undo the regularization, and overfit the data? Or do we perform some sort
of global regularization? Second, in practice, the observed generalization
performance is better than that predicted by the VC theoretic analyses.

To address these issues, we turn to the notion of algorithmic stability [4].
An algorithm is stable at a training set S if changing one point in S yields only
a small change in the output hypothesis. Breiman [3] argues that unstable
weak learners benefit from randomization algorithms such as bagging [2].
He finds that, when the weak learner is stable, bagging does not help, and
suggests that AdaBoost is more effective in this case.

Kearns and Ron [6] consider both algorithmic stability and the weaker,
related notion of error stability. They prove bounds on the error of cross-
validation estimates of generalization error, but their arguments rely on
VC theory. Bousquet and Elisseeff [1] prove that an algorithm which is
stable everywhere has low generalization error; their proof does not make
any reference to VC dimension. They show that regularization networks are
stable.

In this paper, we show that the notion of algorithmic stability can also
be applied to boosting. We focus on AdaBoost—in fact, our analysis applies
only to AdaBoost. This is not a limitation, but rather a strength; we use
details about how AdaBoost searches the space of linear combinations. Our
analysis does not make use of VC theory. We believe that a similar analysis
could be carried out for other boosting techniques.

Our main result is Theorem 5.8: If the base learning algorithm is “weak”
(See Section 4) and stable, then the output of AdaBoost has good general-
ization error. Our proof can be divided into three parts:



1. Lemma 5.4: If the weak learner is stable, then, for “good” training sets,
the output of AdaBoost is stable.

2. Theorem 4.15: Under a reasonable assumption of weakness, most train-
ing sets are “good.”

3. Theorem 3.4: An algorithm which is almost-everywhere stable has low
generalization error.

We prove these points in the reverse of the order above. We first prove
Theorem 3.4. Our proof follows the argument of Bousquet and Elisseeff [1],
who show that an everywhere-stable algorithm has low generalization error.
Their argument uses the method of “independent bounded differences,” de-
veloped by McDiarmid [7]. Our Lemma 3.2 is a generalization of McDiarmid’s
lemma. This enables us to prove our more general version of Bousquet and
Elisseeft’s result.

We next prove Theorem 4.15. We call a training set “good” when no
hypothesis has too low an error rate. Obviously it is possible to construct a
bad training set (e.g., if all training examples are identical). We show that,
as long as the expected error rate of the best hypothesis on a random training
set is bounded away from zero, most training sets are good. Our proof again
uses McDiarmid’s method of independent bounded differences.

Note that most analyses of boosting require some assumption about the
strength of the weak learner. Our argument instead requires us to assume that
the weak learner is weak. Classifier combination schemes such as boosting and
bagging are meaningful only when the individual classifiers in the ensemble
are weak (in other words, not good). If the weak learner does very well, we
do not need to boost its results. We also point out that our analysis carries
through in the noisy setting.

Finally, we prove Lemma 5.4. The argument is technical, and the bounds
that we get are rather large; our bounds grow as 27 where T is the number
of rounds of AdaBoost. In the case where the VC dimension of the weak
learner is finite, the VC theoretic bounds depend linearly on 7. Of course,
our bounds hold even when the weak learner has infinite VC dimension. Our
original hope was that algorithmic stability would provide us with a better
bound than VC theory. This remains an open question.



2 Preliminaries

We begin with some general definitions of our learning theory framework in
Section 2.1. We discuss various notions of algorithmic stability in Section 2.2.

2.1 Generalization error

We first describe the setting for our learning algorithms. There is a space
X of points, with some unknown distribution A. A target operator takes as
input an element x € X and outputs some y in a set ) of labels, according to
a conditional distribution function F'(y | z). For simplicity’s sake, we assume
Y ={0,1}. We write Z =X x ), and we write D for the distribution on Z
induced by A and F.

A classifier, also called a hypothesis, is a function h: X — [0, 1]. Infor-
mally, a learning algorithm is given a finite subset of Z drawn according to
D, and attempts to construct a classifier h such that h(z) is a good approx-
imation to the output of the target operator on input x. The definitions in
this section clarify exactly what this means. Note that we allow our classi-
fiers to output values between 0 and 1; this corresponds to a confidence-rated
prediction.

One special setting is when there is a target function f: X — ), and a
noise level . In this case, the target operator outputs f(z) with proabibility
1 —mn and 1 — f(z) with probability n. We refer to the case n = 0 as the
noiseless setting, and the case n > 0 as the noisy setting.

Note 2.1 If D is a distribution on a set X, we use the notation x ~ D to
mean that x is chosen from X according to distribution D.

Definition 2.2 The cost of a classifier h on a point z € Z is a measure
of the error h makes on z. We denote this cost by ¢(h, z), and we require
0 < c¢(h,z) < M for some constant M.

In sections 3 and 4, we will use this general setting. In Section 5, when
we analyze AdaBoost in detail, we will assume

c(h, (x,y)) = |h(x) = yl,

in which case M = 1.



Definition 2.3 The error rate of a classifier h: X — [0, 1], with respect to
a distribution D, is
Errp(h) = E..p(c(h, 2)).

The error rate of a collection H of classifiers is

Errp(H) = Ihréi%;l{Eer(h)}.

Note that we use this notation even when D has finite support. For S € Z™,
we use the notation Errg to mean Err, where p is the uniform distribution
on S.

Definition 2.4 Let p, ¢ be two distributions on Z with finite support. The
distance between them, denoted ||p — ¢||, is the L;-norm of p — g,

> Ip(z) = q(2)].

zEZ

where this sum is well-defined because p(z) = ¢(z) = 0 for all but finitely
many z € Z.

Definition 2.5 A learning algorithm is a process which takes as input a
distribution p on Z with finite support, and outputs a function f,: X — [0, 1].
For S € Z™, we use the notation fg to mean f, where p is the uniform
distribution on S.

A symmetric learning algorithm depends only on the instances given to
it, not on the order in which they are presented. Note that, by our definition,
any learning algorithm is necessarily symmetric.

Note 2.6 The more usual definition of a learning algorithm is a process
which takes as input a finite training set S € U,,Z™. As noted above,
we associate a finite training set with the uniform distribution on that set.
We also note that, if we have a collection of points z1, ..., z,,, with rational
weights wy, . .., w,,, we can write w; = a;/K over some common denominator
K, and then represent our weighted distribution as a collection of K points
(where point z; occurs a; times). The two definitions are thus equivalent,
as long as we restrict our attention to distributions with rational weights,
and as long as we require our learning algorithms to be symmetric. We find
Definition 2.5 to be simpler for our purposes. Since only distributions with
rational weights can arise within AdaBoost, the distinction is purely one of
notation.



Definition 2.7 The training error of a learning algorithm on an input S is
the error rate of fg on the set S, or Errg(fs). The true error of a learning
algorithm on an input S is the error rate of fg on a randomly chosen example,
or Errp(fs). The generalization error of a learning algorithm on an input S
is the difference between the observed error rate and the true error rate, or

| Errp(fs) — Errs(fs)]-

This quantity is sometimes called the estimation error.

Given a finite set of examples, it is easy to construct a rule which gets
all of them right; the challenge is to generate hypotheses with a low error
rate on new data drawn from the same distribution. Intuitively, we say
that a learning algorithm is good if the training error is small and if the
generalization error is small, since then the true error will also be small.

Our goal in this paper is to bound the probability that the generalization
error of a learning algorithm A is large. Note that this is not sufficient to
imply that A is good; we would also need to know that the training error
is small.! We focus on generalization error bounds because, for AdaBoost,
they have been more elusive than training error bounds.

2.2 Defintions of stability

For S € Z™ S = (z1,...,2n), we let S* denote S\ z;, the training set with
the ith instance removed. So, for each i, S € Z™~!. For v € Z, we let SH*

denote S* U {u}, the training set with the ith instance replaced by u. So
Sie Zm,

Definition 2.8 (Devroye and Wagner [4]) We say that a learning algo-
rithm has leave-one-out stability [ if the following holds:

VSeZ™ Vi, VzeZ, |cfs,z)—c(fsi,z)| <P

Definition 2.9 (Bousquet and Elisseeff [1]) We say that a learning al-
gorithm has change-one stability [ if the following holds:

VSGZ’”, VZ, VU,,ZGZ, |C(fSaZ)_C(fSi’“aZ)| Sﬁ

Tdeally, we would like to prove that, as the size of the training set grows, the classifiers
generated by A approach the optimal classifier minimizing Errp (h) over the set of classifiers
available to A.



Note that, in both of these definitions, we view (3 as a function of m. We
are most interested in the case where § = A/m for a constant A.

Note 2.10 We include both change-one stability and leave-one-out stability
for the sake of completeness, but the distinction between them is minor. It
is clear that, if a learning algorithm has leave-one-out stability 3, then it has
change-one stability 2/3. The converse is not true (for example, our algorithm
might have radically different behavior when the size of the training set is
even or odd). However, we show in Lemma 2.12 that, for any constant A,
change-one stability A/m implies leave-one-out stability A/m.

We will be considering learning algorithms which take as input not merely
a set of points, but a weighted set of points. We will thus require the following
definition of stability:

Definition 2.11 We say that a learning algorithm has L;-stability A, or is
A-Lq-stable, if for any two distributions p, ¢ on X with finite support,

Vz € Z, ‘C(f:l??Z)_C(fmZ)‘ S/\||p—CIH~

We say that the algorithm is L;-stable if it has L;-stability A for some con-
stant A.

We now justify the interchangeability of these notions of stability.

Lemma 2.12 A learning algorithm has Ly-stability X\ if and only if it has
change-one stability 2\/m. Furthermore, if a learning algorithm has Lj-
stability A, it has leave-one-out stability 2X/m.

Proof: First, let A be a learning algorithm with L;-stability A. Choose
any S € Z™, and any i; let p be the uniform distribution on S, and ¢ the
uniform distribution on S?. Then

=l = o on =1 (g = ) = =

m—1 m
and hence, for any z € Z,

A
e(fs,2) = e(fsi, 2)] < Allp —all = %

So, A has leave-one-out stability 2\/m.
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If we instead choose some v € Z, and let p be the uniform distribution
on S and ¢ the uniform distribution on S*“, then, again, ||p—q|| = 2/m, and
A thus has change-one stability 2X/m as well.

Now, let B be a learning algorithm with change-one stability 2A/m.
Choose S € Z™, and let p,q be two distributions on S. We assume that
all values p(z), q(z) are rational, so we can write all weights over a common
denominator K. So p can be associated with an element P € Z%, where a
point with weight a/ K is repeated a times in P. Similarly ¢ can be associated
with @ € ZX. Note that f, = fp and f, = fo.

We now perform the following sequence of operations: start with Fy = P,
and replace some point which occurs more often in P than in () with a point
which occurs more often in () than in P. This gives us P, € Z¥. Since
algorithm B has change-one stability 2)\/m,

Vi€ 2, |elfn,2) —clfn, Al < 2
We now repeat this process, constructing a sequence of K-tuples P, €
ZE until, at some time, Pr = Q. (Technically, we get Pr = Q up to
rearrangement of terms, but our learning algorithm is symmetric, so fp, =
fo.) Thus,
2T\

VZEZ, |C(fpvz)_c<fq7z>| S?

Let p; denote the distribution on S arising from the number of occurences
of each element in P,. Then |p; — pir1]] = 2/K, and we conclude that
llp — ¢q|| = 27"/ K. Hence we have shown that B is A-L;-stable. [

Note 2.13 We prove Lemma 2.12 only in the case where the weights p(z),
q(z) are rational. As we remark in Note 2.6, this is the only case in which
we are interested.

We now introduce the notion of stability at a point. Kearns and Ron [6]
use leave-one-out stability, but for consistency we phrase our definition in
terms of change-one stability.

Definition 2.14 (Kearns and Ron [6]) We say that a learning algorithm
A is (-stable at S, if

Vie{l,...,m}, Yu,z€Z, le(fs,2) — c(fsim, 2)| < B.



We say that A is (3, 6)-stable if
SPDrm(A is O-stable at §) > 1 — 4.

We view (3, § as functions of m. We will be interested in the case where
3 = A/m for some constant A and § = e~2(m),
Note that A is (5, 0)-stable if and only if A has change-one stability .

2.2.1 Error Stability

Kearns and Ron [6] refer to the notion of (3, d)-stability as hypothesis stabil-
ity. They also work with error stability:

Definition 2.15 (Kearns and Ron [6]) We say that a learning algorithm
has error stability (3, ¢) if, for any 1,

v ([Errp(fs) — Errp(fsi)

> ) <6

(Since our learning algorithms are symmetric, it does not matter whether we
do this for all i or we consider a probability distribution on i.)

This is similar to the notion of (3, d)-stability; instead of requiring the
hypotheses to be close for all inputs, we simply require the overall error rates
to be close.

Kearns and Ron [6] prove that a learning algorithm with good error sta-
bility, and with a hypothesis class of bounded VC dimension, has low general-
ization error. They point out that the error-stability condition is signficantly
weaker than hypothesis stability, and that results involving error stability are
thus more widely applicable. In particular, they show that any algorithm per-
forming empirical risk minimization over a set of bounded VC dimension has
good error stability.

In Theorem 3.4, we will prove a relationship between (3, §)-stability and
low generalization error. It seems reasonable to ask whether we could replace
(B3, 9)-stability with error stability in Theorem 3.4. In fact, we cannot.

Example 2.16 Consider the learning algorithm which generates the follow-
ing classifier: get all training instances right, and return 1/2 on any unknown
point. (If we require our classifiers to have output in {0, 1}, we could simply
guess randomly.) For such an algorithm, Errp(fs) = 1/2 and Errg(fs) =0
for any S, so this algorithm has high generalization error. However, it has
error-stability (3,0) for any 5 > 0.



The point is that error stability, in the absence of bounded VC dimension,
is not sufficient to prove bounds on generalization error. Since our goal
is to prove bounds without regard to VC dimension, we use the notion of
hypothesis stability throughout.

3 Stability and generalization error

Devroye and Wagner [4] were the first to observe a connection between the
stability of an algorithm and its generalization error. Bousquet and Elisse-
eff [1] showed that (,0)-stability implies low generalization error. In Sec-
tion 3.2, we prove that (/3,d)-stability implies low generalization error. Our
proof is essentially the same as theirs, but requires a stronger concentration
lemma, which we prove in Section 3.1.

3.1 Independent bounded differences

The “independent bounded differences inequality” is due to Colin McDi-
armid [7].

Lemma 3.1 (McDiarmid) Let Xy,...,X,, be independent random vari-
ables, with X}, taking values in a set Ay, for each k. Let g: [[ Ax — R be a
measurable function. Suppose that, for any k, if a,a’ € [[ Ay differ only in
the kth coordinate, that

l9(a) = g(a')] < c.
Let p=E(g9(X1,...,Xm)). Then, for any T > 0,

—272
P Xi X)) =) > 7)<
P X X) =) 2 1) < e (50 )

The above result is sufficient for our purposes in Section 4. However, for
Theorem 3.4, we will need the following, stronger statement, which allows
for the possibility of a “bad” set B:

Lemma 3.2 Let X = (Xy,...,X,,) be independent random variables, with
Xy, taking values in a set Ay for each k. Let g: [[ Axr — R be a measurable
function. Let B be a subset of [[ Ax, and let 6 = Pr(X € B).
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Suppose that, for any k, if a,a’ € [[ Ax differ only in the kth coordinate,
that

l9(a) = g(a')| < b
Suppose further that, if a ¢ B, we have
l9(a) = g(a')] < c.
Let u=E(9(X1,...,Xm)). Then, for any 7 >0, and any o, ...,0m > 0,

Pr(lg(X) — 4 > 7) < 2 <exp () 5> @)

In particular, setting 6 = cx /by,

Pr(g(X) — | > 7) <2 <exp (Qi) ”Zi—',i) |

The set B is a “bad” set where the bound ¢, does not hold; however, even
on set B, the differences are bounded.

Our argument follows a proof of Lemma 3.1 by McDiarmid [8]. For any
k, and any aq,...,ar_1 with a; € A;, let I' be the event that X; = a; for
1 <i<k—1. We define ¢: A, — R by

$p(x) =E(9(X) | T, X =) —E(g9(X) | T).

Next we define the range of ¢(x) to be

ran(ai, ..., ax—1) = sup {|o(z) — oé(y)|}

r,yEAL

= sup {|E(g(a,...,ak—1,2, Xxs1, ..., Xmm)

z,yEAL

- g(ala s 7ak—17y7Xk+17 s 7Xm))|}

For ay,...,a, € [[ Ak, we define the sum of squared ranges by

(ran(ay, ..., ap_1))%

Ms

RQ(al, Lo, a
k=1

We are now ready to state the lemma we need to prove Lemma 3.2. This
lemma is also due to McDiarmid [8, Theorem 3.7].
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Lemma 3.3 (McDiarmid) Let Xi,...,X,, be independent random vari-
ables, with X}, taking values in a set Ay for each k. Let g: [[ Ax — R be
a bounded measurable function. Let 7* denote the maximum sum of squared
ranges sup,{R*(a)}. Let p=E(g(X)). Then, for any T > 0,

Pr(g(X) — p > 1) < exp(=272/7?).

More generally, let B be any “bad” subset of [ Ay, such that R*(a) < r? for
each a ¢ B. Then

Pr(g(X) — pu > 7) < exp(—27%/r?) + Pr(X € B).

Proof of Lemma 3.2: Fix some k and aq,...,ax_1, and let I' be
the event that X; = q; for 1 < ¢ < k — 1. We are interested in bounding
ran(ay,...,ax_1). So, choose some x, y, and some Xji1,...,X,,; let a =

(ay,...,a5-1,%, Xgs1,...,Xm), and let a’ be the same but with y as the kth
coordinate. For most choices of a, we will have |g(a) — g(a’)| < ¢; for all
choices, |g(a) — g(a")| < bg. We conclude that

ran(ay,...,ax-1) < ¢t + b, Pr(X € B|T).
Now, let By be the subset of [] Ay defined by
By ={(a1,...,a,)|Pr(X € B|T') > 0}
We observe that
§=Pr(X € B) > Pr(X € B| X € By)Pr(X € By) > 6, Pr(X € By),

and hence

So, define B’ = U By,; then

Pr(X € B i%
k=1

12



Now, if a ¢ B’, we see that

Rz(a) — (ran(al,...,akfl))Q

NE

>
Il
—

<Y (x+ b Pr(X € B| 1))

NE

b
Il
—

(Ck + bkdk)2

NE

<

b
Il
—

The result now follows immediately from Lemma 3.3. |
Note that, if we have ¢, = ¢ and b, = b, Lemma 3.2 gives us

Prlo() — 4l 2 ) <2 (e T )+,

2mc? c

In our applications ¢ — 0 polynomially in m, and 6 — 0 exponentially in
m, so this is strong enough.

3.2 (0,0)-stability and generalization error

We our now able to prove our stronger version of the theorem of Bousquet
and Elisseeff [1], using Lemma 3.2 where they use Lemma 3.1.

Theorem 3.4 Let A be a (3, 0)-stable algorithm, such that 0 < ¢(fg,2) < M
for all z € Z and all learning sets S. Then, for all >0, and all m > 1,

P
SNDrTVL (

Errs(fs) — Errp(fs)| > 7+ 3+ Mod)
“ ex —7%m 4m*Mo
=P\ oms+mz) T omB+ M

We note, following Bousquet and Elisseeff [1], that, if 5 = \/m for some
constant A, and if § decreases exponentially with m, then this gives us expo-
nentially low generalization error.

Proof: Let ¢g(S) = Errg(fs) — Errp(fs), and let p = Egopm(g(95)).
Following Bousquet and Elisseeff [1], we first bound p, and then compute the
constants b, and ¢, for which we can apply Lemma 3.2.

13



Fix some i, 1 <17 < m. Writing S = (z1, ..., z), we note that
ESNDW (El"l"s fs ZESND"L fs, Z])) = ESNDW (C(fs, Zl))

because our learning algorithm is symmetric. Since S** is simply S with the
1th entry replaced by u, we also have

Espm(Errs(fs)) = Esywpm+i (Errgiu(fsiu)) = Esypm (¢ fsiu, u)). (1)
By definition,

Eswpm(Errp(fs)) = Esu~pm+1(c(fs, u)). (2)
So, subtracting (2) from (1), we get that, for any 4,

Es~pm(9(5)) = Esu~pmi(c(fs,u) = c(fsin, u)).

Let ¥(S,u) = ¢(fs,u)—c(fsiu,u). Ourlearning algorithm is (3, §)-stable.
So, if we choose S according to D™, then, with probability 1—4, [(S,u)| <
for all u. For any S and u, we know [¢(S,u)| < M. We conclude that

[Es~pm(9(5))| < 5+ oM.

Now, for all S, i, u, we have |g(S) — g(5**)| < 2M. Assume now that A
is B-stable at S, fix some u, and let S’ denote S“*. Then

[ Birs(fs) = Errs (f3)] < %\C(fs, ) = clfsw)

+— Z| c(fs,2) — clfs, Zg)|<%+5
J?él
Also,
| Errp(fs) — Errp(fsr)| < E.ople(fs, 2) — c(fsr, 2)| < 8.
Hence, |g(S) — g(5")| < M/m + 2 whenver A is (-stable at S.
We can now apply Lemma 3.2. We have ¢, = 23 + %, and by = 2M, and
hence

—72 2mM§
— > <
Prlg(S) —ul 2 7) <2 (exp (Qm(Qﬁ n M/m)2) HETR M/m)
_ —7%m N 2m2M 6
I\ 2emp Mz T oamp M)
Since |pu| < G4 M4, this concludes the proof. [ |
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4 Weakness

Boosting algorithms combine weak classifiers to build strong classifiers. It is
thus reasonable to assume that our base learning algorithm is “weak.” In this
section we define what we mean by weakness. We first discuss the weakness
of spaces of classifiers in Section 4.1, and then the weakness of learning
algorithms in Section 4.2. We show that, in the noisy setting, certain types
of stable regularization algorithms are necessarily weak. In Section 4.3, we
show that a weak learner performs poorly on almost all training sets.

4.1 Weakness of classifiers

Recall that D is a distribution on Z2 = & x )Y; in one common case, D is
induced by a distribution on X and a target function f: X — ).

Definition 4.1 The weakness of a hypothesis class ‘H with respect to a dis-
tribution D on Z is given by

Weakp(H) = liminf Eg.pm (Errg(H)).

m—00

We say that H is weak with respect to D if Weakp(H) > 0.

In words, we say that a hypothesis class is weak if, for sufficiently large
m, the expected error rate of the best h € H on m randomly chosen points
in Z is bounded away from zero.

It might seem simpler to reverse the role of Eg and miny, in Definition 4.1.
(Recall that Errg(H) = min,{Errg(h)}.) This would yield:

lim inf min {Eg.pm (Errg(h))} = liminf min{Errp(h)} = Errp(H).

m—oo heH m—oo heH
It is clear that
WeakD(H) S EI‘I‘D(H). (3)

In general, there is no reason for these two quantities to be the same. For ex-
ample, if we consider the hypothesis class generated by the learning algorithm
of Example 2.16, we have Weakp(H) = 0 and Errp(H) = 1/2. However, in
the case where ‘H has bounded VC dimension, we have equality:

15



Proposition 4.2 If H has bounded VC dimension?, then
WeakD('H) = EI”I"D(H).
Proof: For any € > 0, we know [11]:

lim Pr (sup{|Errp(h) — Errg(h)|} > ¢€) = 0.
heH

m—o00 S~D™m

Let E denote Errp(H). For any h € H, Errp(h) > E. Hence, for any
0, € > 0, for sufficiently large m,

Sf’gm(rhrg{l{ErrS(h)} <E—¢€) <,

and therefore
ESNDm(EI‘I‘S(H)) Z (1 - (5)(E - 6)

for sufficiently large m, implying that
Weakp(H) > (1 —0)(FE —¢).

Since this is true for any d,e > 0, we must have Weakp(H) > E. |
In particular, in the noisy setting, any hypothesis class of bounded VC di-
mension is weak; the weakness is at least the Bayes error rate.

4.2 Weakness of learning algorithms

We now turn to the weakness of learning algorithms.

Note 4.3 Throughout this section, we use H,, to denote
H., = {f, | p has support of size at most m}.

Note that, if m < n, then 'H,, C 'H,,. We use H,, to denote U,,H,,; this is
the set of all classifiers that could be generated by learning algorithm A.

Definition 4.4 The weakness of a learning algorithm A, denoted Weakp(A),
is given by
Weakp(A) = liminf Eg.pm (Errs(H,,)).

We say that an algorithm A is weak with respect to D if Weakp(A) > 0.

2In fact, since we do not need a fast rate of convergence, it suffices to assume that, for
all € >0, H"(e;m)/m — 0 as m — oo, where H' is the VC entropy [11] of H.
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It might seem simpler to use the following notion:

Definition 4.5 The empirical weakness of a learning algorithm A, denoted
EmpWeak,(A), is given by

EmpWeak,(A) = liminf Eg.pm (Errg(fs)).

m—0o0

We say that an algorithm A is empirically weak with respect to D if
EmpWeak,(A4) > 0.

Since fs € Hp,, we have Errg(fs) > Errg(H,,) for any S, and therefore
EmpWeak,(A) > Weakp(A). (4)

Empirical weakness is not sufficient for our needs. When we use our weak
learner with AdaBoost, we will change the weights on the training set. For
example, suppose a typical training set contains 99 points labeled 1 and a
single point labeled 0. Our weak learner might reasonably ignore the single
outlier, in which case Errg(fs) = 1/100. However, if we give that single point
half of the weight (which is exactly what AdaBoost would do in the second
round), our weak learner might now get all 100 points correct, in which case
Errg(f,) = 0. For our work in Section 5, we will need to use Weakp(A).

However, in some settings, the two notions are equivalent.

Proposition 4.6 Suppose a learning algorithm A performs empirical risk
mainimization on H,,. Then, for any D,

Weakp(A) = EmpWeak,(A).

Proof: For any S, Errg(fs) = Errg(H,n). |
Proposition 4.6 applies in two important cases:

1. A performs empirical risk minimization over a hypothesis class H.

2. A performs regularization as follows: first choose a class ‘H,, depending
on m, then do empirical risk minimization on H,,. Note that this
includes Vapnik’s structural risk minimization [11], although we make
no assumption about the VC dimension of H,,.

Another natural notion of weakness is the following:
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Definition 4.7 The hypothesis weakness of a learning algorithm A, denoted
HypWeak,(A), is given by

HypWeak,(A) = Errp(Hoo),

the error rate with respect to D of the best possible classifier which could be
generated by A.

Proposition 4.8 For any learning algorithm A,
Weakp(A) < HypWeak,(A).

Proof: Let h be a classifier in Ho such that Errp(h) = HypWeakp,(A).
We note that h € Hy for some N; hence, for m > N, we have h € H,,.
So, for m > N,

Eg-pm (Errg(Hp)) < Egopm(Brrg(h)) = Errp(h).

The result follows. n
We also observe a connection between empirical weakness and hypothesis
weakness:

Proposition 4.9 Suppose that the generalization error of A approaches 0.
That is, suppose that, for any e > 0,

lim Pr (|Errs(fs) — Errp(fs)| > ¢€) = 0.

m—o0 S~ D™

Then
EmpWeak,(A) > HypWeak,(A).

The proof is similar to that of Proposition 4.2.
Proof: Let E denote HypWeak,(A). For any S, we have fg € H, so
Errp(fs) > E. Hence, for any d,e > 0, we have, for sufficiently large m,

Sflr)m(Errg(fs) < E—¢€) <,

and therefore
ESNDm(EI'rs(fS» > (1 - 5)<E - 6)
for sufficiently large m, implying that

EmpWeak,(A) > (1 —6)(E — ).
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Since this is true for any §,e > 0, we must have EmpWeak,(A) > E. |

Note that, when H,, has bounded VC dimension, the conclusion of Propo-
sition 4.9 follows from Proposition 4.2, Inequality (4), and the fact that
Weakp(A) > Weakp(Ho). However, Proposition 4.9 holds more generally.
In particular:

Corollary 4.10 Let A be a ([3,0)-stable algorithm, with 3 = A\/m and § <
e~ MM (Note that this includes 6 = 0.) Then

EmpWeak,(A) > HypWeak,(A).

Proof: By Theorem 3.4, algorithm A meets the condition of Proposi-
tion 4.9. [

Theorem 4.11 Suppose we are in the noisy setting, with a Bayes error rate
n > 0. Then any ([3,0)-stable learning algorithm A (where f = A\/m and
§ < e~U™) ) is empirically weak.

Moreover, if A is (3,0)-stable as above, and A performs reqularization by
minimizing empirical risk over a class Hyp, (e.g., A performs structural risk
minimization), then A is weak. More precisely,

Weakp(A) = EmpWeak,(A) = HypWeak,(A) > 7.
This statement holds without any condition on the VC dimension of H,, or
Hoo:

Proof: We combine Propositions 4.6 and 4.8 and Corollary 4.10. We
also note that
HypWeak(A) = Errp(He) > 1.

4.3 Implications of weakness

It is possible for a hypothesis class to be weak, but for Errg(H) to be zero
for a particular S. (For example, it is possible that S contains m copies of
the same point.) Lemma 4.12 states that this is unlikely. Note that Lem-
mas 4.12 and 4.13 apply to any hypothesis class ‘H, without any assumption
on VC dimension, weakness, or stability.
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Lemma 4.12 Let it = Egopm(Errg(H)). For any 7 > 0,

SPlgm(,u — Errg(H) > 7) < exp(—2m7?*/M?).
The proof of Lemma 4.12 uses McDiarmid’s method of bounded differ-
ences; we first show, in Lemma 4.13, that the method applies.

Lemma 4.13 Forany S € Z™, i€ {l,...,m}, andu € Z,
M

m .

| Errg(H) — Errgiu (H)| <

Recall that M is the maximum value of ¢(h, z) for any classifier A and
any z € Z.

Proof: Let S’ denote S™*. Write S = (21,...,2,) and S = (2],...,2.),

where z; = 27 for all j # i. Since S and S’ are simply two sets which

differ in the ¢th coordinate, we may assume without loss of generality that

Errg(H) < Errg/(H).

'~

Let h be a classifier so that Errg(H) = Errg(h). Then

N R U - 1., .M
Errg (h) = - Zc(h, Z;) = p” (Z c(h, zj)> + Ec(h,zi) < Errg(h) + po
Jj=1 jFi
Hence,
. . M M
Errg(H) < Errg/(H) < Errg/(h) < Errg(h) + — = Errg(H) + —.
m m
This proves that
M
| Errs(H) — Errg (H)| < —
|

We can now prove Lemma 4.12.

Proof of Lemma 4.12: Define g: Z™ — R by ¢(S) = — Errg(H). By
Lemma 4.13, g(.S) satisfies the conditions of Lemma 3.1 with ¢, = M/m. We
have > ci = M?/m. Hence, for any 7 > 0,

SP]:l)"m(— Errg(H) + p > 7) < exp(—2m7?/M?).

In particular,
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Corollary 4.14 Let A be a weak learning algorithm, and let e, = Weakp(A)/2.
Then, for sufficiently large m,

M
< —) < exp(—me2/2M?).
Sf’gm(ErrS(’Hm) <e + m) < exp(—me;/2M*)

Proof: For notational simplicity, let E,, denote Eg_pm(Errs(H,,)). Let
r = 3 Weakp(A)/4 = 3¢,/2. Then, by Lemma 4.12,

sfll)rm(Em — Errs(H,n) > €./2) < exp(—2m(e./2)*/M?).

and therefore

SPlgm(ErrS(Hm) < B, — €./2) < exp(—me2/2M?).

By our definition of Weakp(A), liminf,, .o F, = 2¢,, so, for sufficiently
large m, E,, > T7e./4. Also, for sufficiently large m, M/m < €,/4. We
conclude that, for sufficiently large m,

) M
En—e/2> 16 > €, + —
Hence,

M
Pr (Errg(H,,) <e+—) < Pr (Errg(H,) < E, —€./2)

S~Dm m S~Dm
< exp(—me?/2M?).

[
Corollary 4.14 implies the following theorem:

Theorem 4.15 Let A be a weak learning algorithm, and let e, = Weakp(A)/2.
Let B, C Z™ denote the set of all S such that either

Errg(H,,) < €.
or
i, u Errgiu(Hy) < €.

Then, for sufficiently large m,

SPll)rm(S € B,,) < exp(—me2/2M?)
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Proof: Suppose that S € B,,. One possibility is that Errg(H,,) < €.
Otherwise, we must have some i, u such that Errgi..(H,,) < €. In this case,
by Lemma 4.13, Errg(H,,) < e, + M/m.

Therefore, in either case, if S € B,,, Errg(H,,) < €. + M/m. The result
now follows from Corollary 4.14. |

5 The algorithmic stability of AdaBoost

In this section, we show that AdaBoost is almost-everywhere stable. In
Section 5.1, we define AdaBoost. In Section 5.2, we prove some technical
lemmas. Finally, in Section 5.3, we prove our main theorem.

5.1 Definition of AdaBoost

We now give a definition of AdaBoost. We follow the description of Freund
and Schapire [5], who introduced the algorithm.

The input is a set of m examples z; = (z;,y;). We are given an initial
distribution p' on the input points; let w! = p!, and let Z; = 1. Let T denote
the number of rounds we wish to perform.

Foreacht=1,...,T:

1. Call the weak learner with distribution p!. The weak learner returns a
hypothesis h; : X — [0, 1].

2. For each i, let at = |hy(x;) — yil, the error of h; on instance i.

3. Let ¢, = > | plal, the error rate of h; with respect to p’ (i.e., Errye(hy)).
4. Let B, = ¢/(1 — €), and let oy = In(1/0,).

5. Reweight the data: for all i, let w!! = w!g, A

6. Normalize the distribution: let Z,; = Y wt, and pit! = wi™/Z,y,.
7. Let Gi(z) = 3L, ashs(z).

The output of the algorithm is a classifier Hp constructed from Gr (see
Section 5.1.1).

Note that we allow our hypotheses h; to take values in [0, 1]. For such
continuous hypotheses, the choice of 3, and a; above may not be optimal; see
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Schapire and Singer [10] for a discussion of this question. However, since we
need a concrete definition for our analysis, we stick with the original choices
of B, and a; described above.

5.1.1 Constructing the final hypothesis

The remaining question is how to construct Hr from Gp. Our goal is that
Hyp be a function from X — [0, 1]. We discuss three alternatives.
The simplest approach is to threshold G at % ZL oy

T
sign . 1
H;# (2) = sign (Gm 3 at)

This is correct if we want our output to be a {0, 1}-classifier. However, such
a discrete-valued function can never be stable unless it is constant, so we
cannot use this definition.

Another approach is to normalize Gr:

H;Orm (ZL‘) o GT ('T)

Ef=1 a
This definition is used, for example, in the margin analysis of Schapire et
al. [9]. However, this normalization would lead to certain technical difficulties
for us when ) oy is very small. We return to this issue in Note 5.7.
The third approach, and the one we will take, is to first construct a
continuous function o: R — [0, 1], which forces the output into the desired
range. We then define

Hr(z)=0 (GT(x) — %Zat> .

For simplicity’s sake, we use the function:

0 if o< —1/2
ov)=qv+1/2 if-1/2<v<1/2
1 if v > 1/2

This choice of ¢ has the advantage that, for all v,w € R, |o(v) — o(w)| <
lv —wl.

We could replace o with any function satisfying a Lipschitz condition; this
would change the bound in Theorem 5.8 by a constant factor. See Note 5.6
for details.
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5.2 Bounding the behavior of AdaBoost

In this section, we prove some lemmas bounding the various quantities used
by AdaBoost.

Lemma 5.1 For anyn > 1, and any t € [0, 1],
n—1-tn-1)<0.

Proof: Let ¢(t) =n' — 1 —t(n —1). Clearly 1(0) = (1) = 0.

Since ¢/(t) = n* Inn—(n—1), the equation ¢'(t) = 0 has only one solution.
This solution must thus lie between 0 and 1, and we must have either 1(t) < 0
for all t € (0,1) or ¢(t) > 0 for all t € (0,1).

Finally, we observe that

1 1 1 1

vE=vi- g —gn=—3(Vi-17 <0

Lemma 5.2 Let m be a positive integer, and € € (0,3]. Let n = (1 —¢)/e.
Suppose that we are given py, ..., pm where p; >0 and Y. p; = 1. Then, for
any ay, ..., am with a; € (0,1} and Y, p;a; = €, let

m

olay, ... an) = me‘”.

i=1
Then 1 < ¢(ay,...,a,) < 2(1 —€).

Proof: The lower bound on ¢ is immediate from 7 > 1 and ) . p; = 1.
We now prove the upper bound.

Since the space of possible {a;} is compact, the function ¢(ay,...,an)
attains some maximum value. We first show that, at the maximum, all a;
(except possibly one) are equal to 0 or 1.

Suppose for a contradiction that, at the point this maximum is attained,
we have a; and a; both in (0,1) for some 7,j. Let k = p;a; + pja;, and
consider the following function of z:

(r—p;z)

g(z) =pin® +pmn "
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The domain of g is all x such that z € [0, 1] and (“%;ix) € [0,1], or, equiva-
lently, > max{0, (k — p;)/p;} and x < min{1, x/p;}.

Since ay,...,a,; is a maximum of ¢, the function g(x) must attain its
maximum at a;; since both a; and a; are in (0,1), this means that g(z)
attains its maximum on the interior of its domain.

However, we note that

d . (r=p;2) —Di
;EM@=pmhm+pm Pi mn( )
(k—pix)
=mmn0f—npj)-

So ¢'(x) is zero only at o = x/(p; + p;). Since n > 1, we know that ¢'(x) is
negative to the left of xg and positive to the right, so g(x) attains a minimum
at zp. Hence g(z) must attain its maximum on an endpoint of its domain.
We have reached a contradiction, so we conclude that, at the maximum value
of ¢, all a; (except possibly one) are equal to 0 or 1.

Now, let ay,...,a,, be a point at which ¢ attains its maximum. Assume
that, for j # 4, a; € {0,1}. Let U be the sum of p; over all j # i with a; = 0,
and V' be the sum of p; over all j # ¢ with a; = 1. Then we have

pi+U+V =1
pia; +V =€
olar,...,am) =pm* +U+Vn
=pn™ + 1=V —p;)+Vn
=pi(n™ — 1)+ 1+ (e — pia;)(n — 1)
=pi(n" —1—ai(n—1)+1+en—e

<2(1—¢)
where the last inequality follows from Lemma 5.1 and from n = (1 — €)/e.
Since ¢(ay, ..., a,) < 2(1—¢) at the maximum value of ¢, we have proven
the desired result. [ ]

Lemma 5.3 Suppose we run AdaBoost for one round starting from two dis-
tributions p,p’. For the run starting from p' = p, we define h, a;, €, 3, a as in
Section 5.1, all for t = 1. We write w; for w?, Z for Zy, and q for p*>. We
define h',a., e, 3",/ ,w', Z' ¢ similarly starting from p'.

[
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Suppose the weak learner has Ly-stability \. Further suppose that
Err,(Hm), Erry (Hy) > €.

Then, for all x € X, the following inequalities hold:

\h(z) — B (2)] < Mlp— 2|l (5)
le—€] <A+ 1)p -7 (6)
A+ 1
M—QW§2€ lp— 2| (7)
A+ 1
lah(z) — o'/ (x)] < 42 [lp - | (8)
o A+1
> lwi —wi] <2=—|lp—p| (9)
i=1 *
A+ 1
V—ZW§2€ lp— 7| (10)
€< Z <2 (11)
A+1
\M—4H§462Hp—ﬂH (12)
Err,(H.), Erry (Him) > €./2. (13)

Proof: We let I denote the interval [e,, 1/2]; thus €,€' € I.
We now prove each of the claims in the lemma.
Proof of (5): From the stability of the weak learner, we have, for any
re X,
’C(hv (l’, 0)) - C(h/7 (ZL‘, O))| < /\“p - p/H'
We note that c(h, (z,0)) = |h(z) — 0| = h(z), and similarly ¢(#, (z,0)) =
h'(z). So,
[h(z) = B (x)] < Allp = ¢/l
O
Proof of (6): Recall that a; = |h(z;) — vi|, where y; € {0,1} and
h(z;) € [0,1]. So

la; — a5 = ||A(x:) — yil = [P (z:) — gl | = [(:) — I (3)]. (14)

26



Therefore,

e =€l = |>_piai = ) pia]
i i

<> wilas —a) |+ > ailpi —p))
< D pilh(zs) = K@) + Y ps — 1]

<AMp—=7+Ilp=0=AX+1)p—-7].

Proof of (7): Recall that a = In ==,

1-— 1—-¢
la — /| = |In ¢ I /6
€
, d. 11—z
< |e — €| max |—In
zel |dx X
, 1
= le — €| max |—————
zel {L‘(]_—ZE)
2
< le—é€|—.
€x
Using (6), we get
A+1
o — /| <2 Ip = p'|I.

*

Proof of (8): Combining (7) and (5), we have, for any z € X,
lah(z) — o'h(2)] < |ah(x) — ab/(z)] + |ah/(z) — o'h' (z)]
= alh(z) = I'(z)| + h'(z)|a — o]
A+1

*

9
<In 6—A||p—p’|| + 2 lp— o'l

A1
<42t

lp— 7P|

*
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Proof of (9): Recall that, for any i, we have
w; = D(x;) 5%,
Let b; denote 1 — a;, and b} denote 1 — a. By (14),
|bi = bil = la; — aj| = |h(x;) — h'(x3)].
For any 1,

|w; — wi| = |p:if" — piB"]

<|pi — piIB% + pi| B — B"| + pl| B0 — B

We now bound each of the three terms in (16).
First, since # < 1 and b; € [0, 1],

Ipi — p5|8% < |pi — P}

b; / b;
€ €
(1—6) (1—6’)

, d z \”
< |e — €| max |—
zel de’ 1l—=z

= |e — €'| max
eel |[(1—2)2 \1—2x

'

Second we note that

|Bbi . 6/67;

< |e — €| max | ba”
xel
< le—€|biehi~t

Since b; < 1, b;e2i~! < 1/¢,. This, combined with (6), gives

. . A+1
piB" — B < lp =PI
Third, we use (15) to see that

, d

‘ﬂ/bi _B,bi‘ S ‘bz . b;’ max _B/:r:
z€[0,1] | dx

< |h(z;) — W (x;)| max x3%*

z€[0,1]

1

< |h(x;) — W' (x;) 5
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By (5), and since ' > € > ¢,,

bi v
pil 7 = 5%

A
<A lp =7l (19)

We now plug (17), (18), (19) into (16), yielding
220 +1

*

lw; —wi| < |pi — pi| + 0} lp— 'l

Summing over all 7, we get

m m m

2\ + 1
D wi = wi <Y lp =P+ > P —llp =¥l
i=1 i=1 i=1 *

220 +1 A1

=llp -7+ lp =Pl <2——llp =7/l
O
Proof of (10): We note that
7 -7 = P — < P — <2 — 7|l
| | |izlw ;wzl_;w w] el
U
Proof of (11): We observe that
Z=> w=> pf =0 p(1/B)".
i=1 i=1 i=1
By Lemma 5.2,
1< S p(1/8)" <2(1— o)
i=1
Thus,
e<p<Z<21—¢€)p=2e
O
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Proof of (12): Using (9), (10), and the lower bound from (11), we get

HQ—CIH—Z|% QZI—Z

!/
w;

VAV

Proof of (13):
By the upper bound from (11), we have, for any i,
w;  pfBTY  pif Pi

“=7 Z T2 21—¢e "

Hence, for any g € H,,,

Err g €y
EI'I'q Z%k% ZPJ% - 1 - g( ) Z 5

So Erry(H,,) > €,./2. Similarly, Erry (H,,) > €./2. O
This concludes the lemma. [ |

Lemma 5.4 Suppose we run AdaBoost for T rounds, starting from two dis-
tributions p and p’ on the training set S, yielding two sums G = Zthl ahy
and Gl = Zle ayhy. Suppose the weak learner has Ly-stability . Suppose
further that Exr,(H,,), Erry (H,,) are at least €.. Then, for all x € X,

Gr(z) — Gr(z)] < erllp =P, (20)
where the constant cp is
T

2t2+1 )\ 1
ey = 3 T
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Moreover, for all x € X,

|Hr(x) — Hy(z)] < erllp =1/l (21)

Proof: We proceed by induction on 7'
When T = 1, we have, by (8) from Lemma 5.3,

A1

*

|G1(2) = Gi(2)] = |larha(x) — ey (2)] < 4 lp = p'll,

which is exactly c;.

Choose some T' > 1, and suppose the theorem holds for T" > 1.

Let q, ¢’ be the distributions at the end of the first round after starting
from p, p’ respectively. By (13) from Lemma 5.3,

Err,(Hpm), Erty (Hy) > €./2.

Let F(x) = Y., cv(x)h(z), and F'(z) = S/, al(z)hi(z). By the in-
ductive assumption, for any =,

[F(x) = F'(2)] < ecra(A e/2)llg = 4],
so, using (8) and (12) from Lemma 5.3,
|Gr(z) = Gp(2)| = [enh (z) + F(z) — oty () — F'(x))|

< |arhi(z) — i ()| + [F(z) — F'(2)]

S4)\+1

lp =Pl + er—a (X, e/2)lla = ||

*

A+ 1 A+ 1
§(4 +dera (A e./2)— )Hp—ﬂw

€x *

A straightforward calculation reveals that

A+1 A+1
4250 L er i (he)2) :2 — or(M 0,

which concludes the proof of (20).
To prove (21), we simply observe that, by our choice of o,

|Hr(z) = Hy(2)] = |o(Gr(2)) — 0(Gr(2))] < |Gr(z) — Gp(2)] < erllp =1/l
_
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Note 5.5 We could, if we wish, simplify the expression for ¢y (A, €,). The
ratio between the tth and (¢ + 1)th terms in the sum is

22t+1 ()\ + 1)

2
€

> 2

)

and therefore the entire sum is at most twice the largest term:

22 (N + 1)T

6ET—I

CT()‘7 6*) S

Note 5.6 As we remarked in Section 5.1.1, we could replace our function o
by any function satisfying a Lipschitz condition with constant A. We would
then conclude that

[Hr(z) — Hy(z)| < Acrllp — 1]

Note 5.7 If we instead construct Hy(z) by normalizing Gr(z) (see the defi-
nition of H2°™ in Section 5.1.1), we have more difficulty. Using the methods
of this section, it is not hard to prove a bound of the form

C/

|H3o™ () — H ™ (z)] < <—Ilp — 7P|l
Z Q
t

where ¢/, = 3c¢r. So, if we assume that Y, a; > A for some constant A, we
get an inequality similar to (21). However, we see no reason why such an
A should exist. In the case where ¢ is guaranteed to be at most 1/2 — ~
for some v > 0, even for one round, we can take A = In %, but we would
prefer not to introduce such an assumption simply for one technical point in

the proof.

5.3 Main theorem

We are now ready to prove our main theorem.

Theorem 5.8 Suppose the weak learner A has Li-stablity A, and let ¢, =
Weakp(A)/2 > 0. Then, for sufficiently large m, for all T, AdaBoost for T
rounds is (3,9)-stable, where

T 2t2+1(>\+1)t
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Moreover, let gs denote the output of T rounds of AdaBoost on input S.
Then, for any T > 0,

Sggmq Errg(gs)—Errp(gs)| > 7+6+6) < exp(—c17°m)+com? exp(—me’ /2),

where ¢y, co depend on T, \, €,.

Proof: Let B,, C Z™ denote the set of “bad” S: more precisely, B,, is
the set of all S such that either

Errg(H,,) < e.
or

di,u Errgiu(Hy) < €.

By Theorem 4.15, for sufficiently large m, Pr(z € B,,) < 4.

If S ¢ By, then, for any ¢ and u, Errg(H,,) and Errgi..(H,,) are both at
least €,. Let Hp be the output of T' rounds of AdaBoost starting from S,
and let H/ be the output starting from S**. Then, by Lemma 5.4,

2
H — H/ < cp—
| T(m) T($)|_0Tm7

where c¢p is the constant from Lemma 5.4. We can conclude that AdaBoost
is J-stable at S whenever S ¢ B,,. This proves the first claim.
The second claim now follows directly from Theorem 3.4. |
Theorem 5.8 immediately implies the following:

Corollary 5.9 Suppose that our learner is weak (in the sense of Defini-
tion 4.4) and Li-stable. Let gs denote the output of T rounds of AdaBoost
on tnput S. Then, for sufficiently small e > 0, for sufficiently large m,

Pr(| Errs(gs) — Errp(gs)| > €) < exp(—Cé*m)

for some constant C'. The constant C' depends on T and on the weakness
and Lq-stability of the learner.

Proof: We use the notation of Theorem 5.8. Given € > 0, we choose m
sufficiently large so that 5 < €/3. For sufficiently large m, we have § < f3.
Let 7 = ¢/3. Then, by Theorem 5.8,

Pr(| Errg(gs) — Errp(gs)| > €) < exp(—cleQm/Q) + com? exp(—mef/Q).
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As long as ¢;€2/9 < €2/2, we have
com? exp(—me2/2) < exp(—c1e*m/9)

for sufficiently large m. The result follows. [

6 Conclusions

We believe that the notion of algorithmic stability is an important one, and
may give us new insights into the performance of learning algorithms. An
understanding of which boosting algorithms preserve stability may help us
decide which boosting scheme to use with a given weak learner. We also hope
that the notion of almost-everywhere stability can be used in other contexts
to prove new generalization bounds.

One open question is whether the dependence on T" in Theorem 5.8 can
be improved. Our stability constant increases with 27°. The VC theoretic
bounds are linear in T'. It seems possible that our inductive approach could
be improved to yield a bound of the form 2 but a further improvement
may require a signficantly different technique.
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