Locality Presewing Projections(LPP)

Xiaofei He ParthaNiyogi
ComputerScienceDepartment ComputerScienceDepartment
The Universityof Chicago The Universityof Chicago
Chicago,IL 60615 Chicago/L 60615

Abstract

Many problemsin informationprocessingnvolve someform of dimensionalityreduction.In this paper weintro-
duceLocality PreservingProjections(LPP). Theseare linear projectivemapsthat arise by solvinga variational
problemthat optimally preservesheneighborhoodtructue of thedataset. LPP shouldbe seenasan alternative
to principal componenanalysis(PCA)— a classicallinear techniquethat projectsthe data along the directions
of maximalvariance Whenthe high dimensionaldatalies on a low dimensionamanifoldembeddedh the am-
bientspacethe Locality PreservingProjectionsare obtainedby nding the optimallinear approximationsto the
eigenfunctionf the LaplaceBeltrami opelator onthe manifold. Asa result,LPP shaesmanyof thedatarepre-
sentationpropertiesof nonlinear tecdhniquessud as LaplacianEigenmap[4] or Locally Linear Embedding5].
Thisis borneout by llustrative exampleson a coupleof high dimensionalmage datasets.

1. Intr oduction

Supposewve have a collectionof datapointsof -dimensionakeal vectorsdravn from an unknavn probability
distribution. In increasinglymary casef interestin machinelearninganddatamining, oneis confrontedwith
thesituationwhere isverylarge. However, theremightbereasorto suspecthatthe“intrinsic dimensionality”of
thedatais muchlower. Thisleadsoneto considemethodf dimensionalityreductionthatallow oneto represent
thedatain alower dimensionakpace.

A greathumberof dimensionalityreductiontechniquesxist in theliterature.In practicalsituationswhen is
prohibitively large,oneis oftenforcedto uselinear (or evensublineartechniguesConseqguentlprojective maps
have beenthe subjectof considerablénvestigation.Threeclassicalyet popularformsof lineartechniquesrethe
methodof principalcomponenanalysigPCA) [1], multidimensionakcaling(MDS) [2], andlineardiscriminant
analysigLDA). Eachof theses aneigewvectormethoddesignedo modellinearvariabilitiesin high-dimensional
data.

PCA performsdimensionalityreductionby projectingthe original -dimensionabdataontothe dimen-
sionallinear subspacepannedy the leadingeigewectorsof the datas covariancematrix. ThusPCA builds a
globallinearmodelof thedata.ClassicaMDS nds anembeddinghatpreserespairwisedistancebetweerdata
points,andit is equivalentto PCA whenthosedistancesare Euclidean. Both PCA and MDS are unsupervised
learningalgorithms.LDA is a supervisedearningalgorithm. LDA searches$or the projectve axeson whichthe
datapointsof differentclassesarefar from eachother(maximizebetweerclassscatter) while constraininghe
datapointsof the sameclassto be ascloseto eachotheraspossible(minimizing within classscatter).

Recently therehasbeensomerenaved interestin the problemof developinglow dimensionafkepresentations
whendataarisesfrom samplinga probability distribution on a low dimensionamanifold embeddedn the high
dimensionabmbientspacd4][5][6]. Thesemethodsloyield impressie resultsonsomebenchmarlarti cial data



setsaswell asonrealworld datasets.However, their nonlineampropertymakesthemcomputationallyexpensve.
Moreover, they yield mapsthatarede ned only onthetraining datapointsandhow to evaluatethe mapon novel
testpointsremainsunclear

In this paper we proposea new linear dimensionalityreductionalgorithm, called Locality Presewning Pro-
jections (LPP).It builds a graphincorporatingneighborhoodnformationof the dataset. Usingthe notion of the
Laplacianof the graph,we thencomputea transformatiomrmatrix which mapsthe datapointsto a subspaceThis
linear transformatioroptimally presereslocal neighborhoodnformationin a certainsense.The representation
mapgeneratedby the algorithmmaybe viewed asa lineardiscreteapproximatiorto a continuousmapthat natu-
rally arisesfrom the geometryof the manifold[4]. Thelocality preservingcharacteof the LPP algorithmmalkes
it relatively insensitve to outliersandnoise.

Thenew locality preservindinearmapsareinterestingrom a numberof perspecties.

1. Themapsaredesignedo minimize a differentobjectie criterionfrom the classicalineartechniquesn-
like PCAwhich nds aprojectionin thedirectionsof maximalvariancethe LPP projectsto optimally pre-
senetheneighborhoodtructureof thedata.If thereis reasono believe thatEuclideardistance$ )
aremeaningfulonly if they aresmall(local),thentheLPP nds aprojectionthatrespectsuchabelief. As a
result,the LPP makesparticularsensevhenthe datalies on a nonlinearmanifoldembeddedh the ambient
space As the experimentsn this papersuggestthe LPPyieldslinearmapswhosepropertiesaresimilar to
thenonlinearmapsyieldedby the eigewectorsof thetrue graphLaplacian.

2. Thelocality preservingquality of LPPis likely to be of particularusein informationretrieval applications.
If onewishesto retrieve audio,video,text documentsindera vectorspacemodel,thenonewill ultimately
needto do anearesheighborsearchn thelow dimensionakpaceFor example the popularlatentsemantic
indexing (LSI) methodprojectsthe high dimensionaldataonto a low dimensionalkpaceobtainedfrom a
singularvalue decomposition(SVD; closely relatedto PCA) on the original datamatrix. SincelLPP is
designedor preservinglocal structure,it is likely that a nearesneighborsearchin the low dimensional
spacewill yield similar resultsto thatin the high dimensionakpace.This makesfor anindexing scheme
thatwould allow quick retrieval.

3. LPPis linear This makesit fastand suitablefor practicalapplication. While a numberof non linear
techniquehave propertieq1) and(2) abore, we know of no otherlinear projective technigughathassuch
aproperty

4. LPPis de ned every where.Recallthatnonlineardimensionalityreductiontechniquedike ISOMAP, LLE,
Laplacianeigenmapsrede ned only on the trainingdatapointsandit is unclearhow to evaluatethe map
for new testpoints. In contrastthe Locality Preserving?rojectionmay be simply appliedto any new data
pointto locateit in thereducedepresentatiospace.

As aresultof all thesefeatureswe expectthe LPP basedtechniquego be a naturalalternatve to PCA based
techniquesn exploratorydataanalysisjnformationretrieval, andpatternclassi cationapplications.

Therestof this paperis organizedasfollows: Section2 describeshe proposed_ocality PreservingProjection
algorithm. Section3 presentsa justi cation of this algorithm. Somecomputationalssuesin LPP arediscussed
in Sectiond. Preliminaryexperimentalresultsareshavn in Section5. Finally, we give concludingremarksand
futurework in Section6.

2. Locality Presewing Projections
2.1 Thelinear dimensionality reduction problem

The genericproblemof linear dimensionalityreductionis the following. Givena setx x X in ,nda
transformatiormatrix thatmapsthese pointsto a setof pointsy y y in , suchthaty
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"represents’ , wherey X.
Our methodis of particularapplicability in the specialcasewherex x X and is amanifold
embeddedn

2.2 The algorithm
Locality PreservingProjection(LPP) is a linear approximationof the nonlinearlaplacianeigenmap4]. The
algorithmicprocedurds formally statedbelow:

1. Constructing the adjacencygraph: Let denoteagraphwith nodes.We putanedgebetweemodes
and if x andx are”close”. Therearetwo variations:

(a) -neighborhoods|parameter ] Nodes and areconnectedy anedgeif x X where
thenormis theusualEuclidearmormin

(b) nearesheighbors[parameter ] Nodes and areconnectedy anedgeif isamong nearest
neighborof or isamong nearesheighborsof .

Note: The methodof constructingan adjaceng graphoutlinedabove is correctif the dataactuallylie ona
low dimensionamanifold. In generalhowever, onemighttake a moreutilitarian perspectie andconstruct
anadjacenyg graphbasedon ary principle (for example,perceptuakimilarity for naturalsignals hyperlink
structuredor web documentsetc.). Oncesuchanadjaceng graphis obtained,LPP will try to optimally
presere it in choosingprojections.

2. Choosingthe weights Here,aswell, we have two variationsfor weightingthe edges:

(a) Heatkernel.[parameter ]. If nodes and areconnectedput

X X

Thejusti cation for this choiceof weightscanbetracedbackto [1].
(b) Simple-minded[No parameter]. if andonly if vertices and areconnectedy anedge.

3. Eigenmaps Computethe eigevectorsandeigervaluesfor the generalizeaigewectorproblem:
a a

where is adiagonalmatrix whoseentriesarecolumn(or row, since  is symmetric)sumsof
is theLaplacianmatrix. The  columnof matrix isx .

Leta a a  bethe solutionsof equation(1), orderedaccordingto their eigevalues,
. Thus,theembeddings asfollows:

X y X
a a a
wherey isa -dimensionalvectorand isa matrix.

3. Justi cation

Locality PreservingProjectionis fundamentallybasecon laplacianeigenmag4]. Following thediscussionn [4],
in this sectionwe provide ajusti cation of this lineardimensionalityreductionalgorithm.
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3.1 Optimal Embeddingsof Laplacian Eigenmap

Thefollowing sectionis basedon the standardspectralgraphtheory See[3] for a comprehense referenceand
[4] for applicationdo datarepresentation.

Recallthatgiven a datasetwe constructa weightedgraph with edgesconnectinghearbypointsto
eachother Considettheproblemof mappingtheweightedgraph to aline sothatconnectegbointsstayasclose
togetheraspossible Lety besuchamap.A reasonableriterionfor choosinga"good” map
is to minimizethefollowing objectve function[4]

underappropriateconstraints.The objective function with our choiceof weights incursa heary penaltyif
neighboringpointsx andx aremappedarapart. Thereforeminimizingit is anattemptto ensurethatif x and
x are’close”then and arecloseaswell.

It is possibleto shawv thatthis minimizationproblemreducego nding

where is the Laplacianmatrix. is a diagonalweightmatrix; its entriesarecolumn(or row, since

is symmetric)sumsof . Theconstrainty vy removes an arbitrary scalingfactor
in the embedding.Matrix  providesa naturalmeasureon the verticesof the graph. The biggerthe value
(correspondingo the  node)is, the more”"important” is that node. Laplacianmatrix is symmetric,positive
semide nite matrix which canbe thoughtof as an operatoron functionsde ned on verticesof . The close
relationshipbetweenhe graphLaplacianandthe LaplaceBeltramioperatoron the manifoldis discussedn [4].
Thevectory thatminimizesthe objective functionis givenby theminimumeigewaluesolutionto thegeneralized
eigemwvalueproblem,

y y )

3.2 Optimal Linear Embedding

Onedisadwantageof laplacianeigenmagps thatit cannotproducea transformatiorfunction. Thatis, if a data
pointis notin the dataset,thenthereis no way to mapit into the dimensionality-redeed space.Moreover, the
computationatompleity of laplacianeigenmagps determinedy thesizeof thedataset. If thesizeis verylarge,
thenthe nonlinearalgorithmis computationallyextensve. To overcometheseproblems,we proposelLocality
PreservindProjectionswhichyield linearapproximation®f laplacianeigenmaps.

Suppose is atransformatiorvectorof linear laplacianeigenmapthatis, y a ,wherethe column
vectorof isx . Theminimizationproblemis asfollows

We will now switchto a Lagrangiarformulationof the problem.The Lagrangiaris asfollows
a a a a
Requiringthatthegradientof  vanishgivesthefollowing eigenfunction

a a (2



where , . It is easyto shawv thatthematrices and aresymmetricandpositve
semi-de nite. The vectorsa that minimize the objective function are given by the minimum
eigemvaluesolutionsto thegeneralizeaigemwalueproblem.

Notethat and aretwo matrices,where is the dimensionalityof the original space.While in the
nonlinearcase, and aretwo matrices,where is the numberof datapointsin the dataset. In most
realworld applications, . This propertymakesLPP muchmorecomputationallytractablethanthenonlinear
laplacianeigenmap.

4. Computational Issuesof LPP

As desceibedn Section3, we needto solve a generalizeceigenfunction, a a. If the matrix is
inversablethenthegeneralizegigenfunctiorcanbetransformedo a ordinaryeigenfunctioni.e. a a.
However, the eigensystentcomputatiorof the ordinaryeigenfunctioncould be unstablesincethe matrix
neednot be symmetric. To avoid this problem,the following methoddiagonalizegshe symmetricmatrix, and
produces stableeigensystencomputatiorprocedure.

By applyingeigetvectordecomposition, canbedecomposethto the productof threematricesasfollows:

where aretheeigemwaluesand u u u arethecorrespondingigervectors
of . isothonormaln that and . Now, we canrewrite equation(2) asfollows:
a a
a a
a a

If is non-singulartheneachdiagonalentry of is greaterthanzero( is positive semi-de nite, henceits

eigewvaluesarerealnumbersandno lessthanzero).In this case, existsandcanbe easilyobtainedrom
If  issingularwede ne asfollows:

if ;

otherwise.
In fact, is ageneralizednverseof . Now, we have thefollowing equation:

a a
Let andb a. Finally, equation(2) canbe simpli ed to solve thefollowing
eigervectorproblem:

b b 3

where is a symmetricmatrix. Sowe can rst solve a symmetriceigenfunction(3) to obtain andb, then
computea as b. In this way, we have transformedhe generalizedeigervector problemto a ordinary

eigervectorproblemof symmetricmatrix, which couldbe computednorestablyandef ciently.

5 Experimental Results

In this sectionwe will discusssereralapplicationsof the LPP algorithm.We begin with a 2-D datavisualization
example.Then,we applythealgorithmto faceanalysis.
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Figurel: Thehandwritterdigits ('0'-'9") aremappednto a2-dimensionaspaceTheleft panelis arepresentation
of the setof all imagesof digits usingthe Laplacianeigenmap.The middle panelshaws the resultsof Locality
PreservingProjectionusingthe rst two directionsto representhe data. The right panelshawvs the resultsof
principalcomponenanalysis.Eachcolor correspond$o a digit.

5.1 2-D Data Visulization

An experimentwasconductedvith thehandwrittendigit datasef8]. ThedatasetontainslOclasseg'0'-'9"), and
eachclasshas200images.Eachimageis representethy a 649-dimensionavector The datapointsaremapped
to a 2-dimensionakpaceusingdifferentdimensionalityreductionalgorithms. The experimentresultsareshavn
in Fig. 1. As canbe seen,LPP performsmuch betterthan PCA. It hasmuchmore discriminatingpower than
principalcomponengtnalysis.The Locality PreservingProjectionhasalmostthe sameperformancesnonlinear
Laplacianeigenmapbut it is computationallymuchmoretractable.

5.2 Manifold of Facelmages

Much research{5][6][7] hassuggestedhatthe humanfaceimagesresideon a manifold embeddedn theimage
space.n this subsectionye appliedLPPto imagesof faces.The samefaceimagedatasetisedin [5] is usedfor

this experiment.Fig. 2 shavs the mappingresults.Theimagesof facesaremappednto the 2-dimensionaplane
describedy the rst two coordinate®of the Locality Preservingrojection.Onenoteshouldbe pointedout that
the mappingfrom imagespaceto low-dimensionakpaceobtainedby our methodis linear, ratherthannonlinear
asin mostpreviouswork. Thelinearalgorithmdoesdetectthe nonlineamrmanifold structureof imagesof facesto

someextent. Somerepresentate facesareshavn next to the datapointsin differentpartsof thespace As canbe
seentheimagesof facesareclearlydividedinto two parts. Theleft partarethefaceswith closedmouth,andthe
right partarethefaceswith openmouth. Moreover, the smoothchangesn facial expressiorandviewing points
of facescanbe clearlyseenfrom left to right, from top to bottom.

6 Conclusions

In this paper we proposea new linear dimensionalityreductionalgorithmcalled Locality PreservingProjection.
It is basednthe samevariationalprinciplethatgivesriseto the Laplacianeigenmag4]. As aresultit hassimilar
locality preservingproperties.

Ourapproachalsohasamajoradwantageover recentnonparametritechniquegor globalnonlineardimension-
ality reductionsuchas[4][5][6];its eigenproblenhasa sizewhich scalesasthe dimensionalityof the datapoints
ratherthanthe numberof datapoints. For massie datasetsthis saving in runtime andmemorycanbeenormous.

Performancémprovementof this methodover Principal Componen®nalysisis demonstratethroughseveral



experiments. Thoughour methodis still a linearalgorithm, it is somehw capableof discorering the nonlinear
structureof the datamanifold.
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Figure2: A two-dimensionatepresentationf the setof all imagesof facesusingthe Locality Preservingrojec-
tion. Representate facesare shavn next to the datapointsin differentpartsof the space.As canbe seenthe
facialexpressiorandtheviewing point of faceschangesmoothly



