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Abstract

Manyproblemsin informationprocessinginvolvesomeform of dimensionalityreduction.In this paper, weintro-
duceLocality PreservingProjections(LPP).Theseare linear projectivemapsthat ariseby solvinga variational
problemthatoptimallypreservestheneighborhoodstructure of thedataset.LPPshouldbeseenasanalternative
to principal componentanalysis(PCA)– a classicallinear techniquethat projectsthedataalong thedirections
of maximalvariance. Whenthehigh dimensionaldata lies on a low dimensionalmanifoldembeddedin theam-
bientspace, theLocality PreservingProjectionsare obtainedby �nding theoptimallinear approximationsto the
eigenfunctionsof theLaplaceBeltramioperator on themanifold.Asa result,LPP sharesmanyof thedatarepre-
sentationpropertiesof nonlinear techniquessuch asLaplacianEigenmap[4] or Locally Linear Embedding[5].
Thisis borneoutby illustrativeexampleson a coupleof high dimensionalimage datasets.

1. Intr oduction

Supposewe have a collectionof datapointsof � -dimensionalreal vectorsdrawn from an unknown probability
distribution. In increasinglymany casesof interestin machinelearninganddatamining, oneis confrontedwith
thesituationwhere� is verylarge. However, theremightbereasonto suspectthatthe“intrinsic dimensionality”of
thedatais muchlower. This leadsoneto considermethodsof dimensionalityreductionthatallow oneto represent
thedatain a lowerdimensionalspace.

A greatnumberof dimensionalityreductiontechniquesexist in theliterature.In practicalsituations,when � is
prohibitively large,oneis oftenforcedto uselinear(or evensublinear)techniques.Consequently, projective maps
have beenthesubjectof considerableinvestigation.Threeclassicalyetpopularformsof lineartechniquesarethe
methodsof principalcomponentanalysis(PCA) [1], multidimensionalscaling(MDS) [2], andlineardiscriminant
analysis(LDA). Eachof theseis aneigenvectormethoddesignedto modellinearvariabilitiesin high-dimensional
data.

PCA performsdimensionalityreductionby projectingtheoriginal � -dimensionaldataontothe
���

� dimen-
sionallinear subspacespannedby the leadingeigenvectorsof the data's covariancematrix. ThusPCA builds a
globallinearmodelof thedata.ClassicalMDS �nds anembeddingthatpreservespairwisedistancesbetweendata
points,andit is equivalent to PCA whenthosedistancesareEuclidean.Both PCA andMDS areunsupervised
learningalgorithms.LDA is a supervisedlearningalgorithm.LDA searchesfor theprojective axeson which the
datapointsof differentclassesarefar from eachother(maximizebetweenclassscatter),while constrainingthe
datapointsof thesameclassto beascloseto eachotheraspossible(minimizingwithin classscatter).

Recently, therehasbeensomerenewed interestin theproblemof developinglow dimensionalrepresentations
whendataarisesfrom samplinga probabilitydistribution on a low dimensionalmanifoldembeddedin thehigh
dimensionalambientspace[4][5][6]. Thesemethodsdoyield impressiveresultsonsomebenchmarkarti�cial data
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sets,aswell asonrealworld datasets.However, theirnonlinearpropertymakesthemcomputationallyexpensive.
Moreover, they yield mapsthatarede�ned only on thetraining datapointsandhow to evaluatethemapon novel
testpointsremainsunclear.

In this paper, we proposea new linear dimensionalityreductionalgorithm,calledLocality Preserving Pro-
jections (LPP).It builds a graphincorporatingneighborhoodinformationof thedataset.Usingthenotionof the
Laplacianof thegraph,we thencomputea transformationmatrix which mapsthedatapointsto a subspace.This
linear transformationoptimally preserveslocal neighborhoodinformationin a certainsense.The representation
mapgeneratedby thealgorithmmaybeviewedasa lineardiscreteapproximationto a continuousmapthatnatu-
rally arisesfrom thegeometryof themanifold[4]. Thelocality preservingcharacterof theLPPalgorithmmakes
it relatively insensitive to outliersandnoise.

Thenew locality preservinglinearmapsareinterestingfrom anumberof perspectives.

1. Themapsaredesignedto minimizea differentobjective criterionfrom theclassicallineartechniques.Un-
like PCA which �nds aprojectionin thedirectionsof maximalvariance,theLPPprojectsto optimallypre-
servetheneighborhoodstructureof thedata.If thereis reasonto believethatEuclideandistances( ��� ���
	��
����� )
aremeaningfulonly if they aresmall(local),thentheLPP�nds aprojectionthatrespectssuchabelief. As a
result,theLPPmakesparticularsensewhenthedatalieson anonlinearmanifoldembeddedin theambient
space.As theexperimentsin this papersuggest,theLPPyieldslinearmapswhosepropertiesaresimilar to
thenonlinearmapsyieldedby theeigenvectorsof thetruegraphLaplacian.

2. Thelocality preservingquality of LPPis likely to beof particularusein informationretrieval applications.
If onewishesto retrieve audio,video,text documentsundera vectorspacemodel,thenonewill ultimately
needto doanearestneighborsearchin thelow dimensionalspace.For example,thepopularlatentsemantic
indexing (LSI) methodprojectsthe high dimensionaldataonto a low dimensionalspaceobtainedfrom a
singularvalue decomposition(SVD; closely relatedto PCA) on the original datamatrix. SinceLPP is
designedfor preservinglocal structure,it is likely that a nearestneighborsearchin the low dimensional
spacewill yield similar resultsto that in thehigh dimensionalspace.This makesfor an indexing scheme
thatwouldallow quick retrieval.

3. LPP is linear. This makes it fast and suitablefor practicalapplication. While a numberof non linear
techniqueshave properties(1) and(2) above,weknow of no otherlinearprojective techniquethathassuch
aproperty.

4. LPPis de�ned everywhere.Recallthatnonlineardimensionalityreductiontechniqueslike ISOMAP, LLE,
Laplacianeigenmapsarede�ned only on thetrainingdatapointsandit is unclearhow to evaluatethemap
for new testpoints. In contrast,theLocality PreservingProjectionmaybesimply appliedto any new data
point to locateit in thereducedrepresentationspace.

As a resultof all thesefeatures,we expect the LPP basedtechniquesto be a naturalalternative to PCA based
techniquesin exploratorydataanalysis,informationretrieval, andpatternclassi�cationapplications.

Therestof this paperis organizedasfollows: Section2 describestheproposedLocality PreservingProjection
algorithm. Section3 presentsa justi�cation of this algorithm. Somecomputationalissuesin LPParediscussed
in Section4. Preliminaryexperimentalresultsareshown in Section5. Finally, we give concludingremarksand
futurework in Section6.

2. Locality Preserving Projections
2.1. The linear dimensionality reduction problem

Thegenericproblemof lineardimensionalityreductionis the following. Givena setx ��� x ����������� x � in ��� , �nd a
transformationmatrix � thatmapsthese

�

pointsto a setof pointsy
�

� y
�

��������� y
�

in �����! #"%$'& , suchthaty
�

2



”represents”x � , wherey
�)(

� x � .
Our methodis of particularapplicability in thespecialcasewherex �
� x �*�������*� x �,+.- and - is a manifold

embeddedin ���

2.2. The algorithm

Locality PreservingProjection(LPP) is a linear approximationof the nonlinearlaplacianeigenmap[4]. The
algorithmicprocedureis formally statedbelow:

1. Constructing the adjacencygraph: Let / denotea graphwith
�

nodes.We put anedgebetweennodes0

and1 if x � andx� are”close”. Therearetwo variations:

(a) 2 -neighborhoods.[parameter23+4� ] Nodes0 and 1 areconnectedby anedgeif 5 x �6	 x�
5

�87

2 where
thenormis theusualEuclideannormin � � .

(b) � nearestneighbors.[parameter�

+:9 ] Nodes0 and1 areconnectedby anedgeif 0 is among� nearest
neighborsof 1 or 1 is among� nearestneighborsof 0 .

Note: Themethodof constructinganadjacency graphoutlinedabove is correctif thedataactuallylie on a
low dimensionalmanifold. In general,however, onemight take a moreutilitarianperspective andconstruct
anadjacency graphbasedon any principle(for example,perceptualsimilarity for naturalsignals,hyperlink
structuresfor webdocuments,etc.). Oncesuchanadjacency graphis obtained,LPPwill try to optimally
preserve it in choosingprojections.

2. Choosingthe weights: Here,aswell, we have two variationsfor weightingtheedges:

(a) Heatkernel.[parameter;<+=� ]. If nodes0 and 1 areconnected,put

>

�?�

(A@�B

C x DFE xG

CIH

J

Thejusti�cation for thischoiceof weightscanbetracedbackto [1].

(b) Simple-minded.[No parameter].
>

�K�

(ML

if andonly if vertices0 and1 areconnectedby anedge.

3. Eigenmaps: Computetheeigenvectorsandeigenvaluesfor thegeneralizedeigenvectorproblem:
N,OPN=Q

a
(SR

N,TUN:Q

a

where
T

is a diagonalmatrix whoseentriesarecolumn(or row, since
>

is symmetric)sumsof
>

,
T

�V�

(

W

�

>

�X� .
O

(

T

	

>

is theLaplacianmatrix. The 0ZY\[ columnof matrix
N

is x � .

Let a]^� a ����������� a�

B

�
be the solutionsof equation(1), orderedaccordingto their eigenvalues,

R

]

7

R

�

7

�����

7

R

�

B

�
. Thus,theembeddingis asfollows:

x �`_ y
�

(

�

Q

x �

�

(ba

a]^� a �
�c������� a
�cd

wherey
�

is a  -dimensionalvector, and � is a $feg matrix.

3. Justi�cation

Locality PreservingProjectionis fundamentallybasedon laplacianeigenmap[4]. Following thediscussionin [4],
in thissection,we provide a justi�cation of this lineardimensionalityreductionalgorithm.
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3.1. Optimal Embeddingsof Laplacian Eigenmap

Thefollowing sectionis basedon thestandardspectralgraphtheory. See[3] for a comprehensive referenceand
[4] for applicationsto datarepresentation.

Recallthatgivena datasetwe constructa weightedgraph /

(

�'hP�Xij& with edgesconnectingnearbypointsto
eachother. Considertheproblemof mappingtheweightedgraph / to a line sothatconnectedpointsstayasclose
togetheraspossible.Let y

(

�!kl���mkn�����������mkpoq&

Q

besucha map.A reasonablecriterionfor choosinga ”good” map
is to minimizethefollowing objective function[4]

r

�?�

�!kp�)	4k��*&

�

>

�?�

underappropriateconstraints.The objective function with our choiceof weights
>

�?� incursa heavy penaltyif
neighboringpointsx � andx� aremappedfar apart.Therefore,minimizing it is anattemptto ensurethat if x � and
x� are”close” then k�� and k�� arecloseaswell.

It is possibleto show thatthisminimizationproblemreducesto �nding

s�tXuwvyx\z

{

{
|~}�{n••€�‚

QƒO

‚

where
O

(

T

	

>

is theLaplacianmatrix.
T

is a diagonalweightmatrix; its entriesarecolumn(or row, since
>

is symmetric)sumsof
>

,
T

�V�

(…„
�

>

�X� . The constrainty
Q

T

y
(†L

removesan arbitraryscalingfactor
in theembedding.Matrix

T

providesa naturalmeasureon the verticesof the graph. The biggerthe value
T

�V�

(correspondingto the 0
Y\[ node)is, the more”important” is that node. Laplacianmatrix is symmetric,positive

semide�nite matrix which canbe thoughtof as an operatoron functionsde�ned on verticesof / . The close
relationshipbetweenthegraphLaplacianandtheLaplaceBeltramioperatoron themanifold is discussedin [4].
Thevectory thatminimizestheobjective functionis givenby theminimumeigenvaluesolutionto thegeneralized
eigenvalueproblem,

O

y
(SR

T

y (1)

3.2. Optimal Linear Embedding

Onedisadvantageof laplacianeigenmapis that it cannotproducea transformationfunction. That is, if a data
point is not in thedataset,thenthereis no way to mapit into thedimensionality-reducedspace.Moreover, the
computationalcomplexity of laplacianeigenmapis determinedby thesizeof thedataset.If thesizeis very large,
then the nonlinearalgorithmis computationallyextensive. To overcometheseproblems,we proposeLocality
PreservingProjections,whichyield linearapproximationsof laplacianeigenmaps.

Supposea is a transformationvectorof linear laplacianeigenmap,that is, y
Q

(

a
Q

N

, wherethe 0‡Y\[ column
vectorof

N

is x � . Theminimizationproblemis asfollows

s�tXuSvyx\z

ˆ

‰

ˆ
|�Š`‹

}

‰

ˆ
|^Š`‹

|

•Œ€

�I•

Q
N

&

O

�I•

Q
N

&

Q

Wewill now switchto a Lagrangianformulationof theproblem.TheLagrangianis asfollows

Ž

(

� a
Q

N

&

O

� a
Q

N

&

Q

	

R

� a
Q

N

&

T

� a
Q

N

&

Q

Requiringthatthegradientof
Ž

vanishgivesthefollowing eigenfunction

OP•

a
(SR

TU•

a (2)

4



where
O

•

(

N•O‘N

Q

,
T

•

(

N,TUN

Q

. It is easyto show thatthematrices
T

•

and
O

•

aresymmetricandpositive
semi-de�nite. The vectorsa�’�!0

(…L

�”“
�������^�

�

& that minimize the objective function aregiven by the minimum
eigenvaluesolutionsto thegeneralizedeigenvalueproblem.

Note that
O

•

and
T

•

aretwo $•e–$ matrices,where $ is thedimensionalityof the original space.While in the
nonlinearcase,

O

and
T

aretwo
�

e

�

matrices,where
�

is thenumberof datapointsin the dataset. In most
realworld applications,

�

"…$ . ThispropertymakesLPPmuchmorecomputationallytractablethanthenonlinear
laplacianeigenmap.

4. Computational Issuesof LPP

As desceibedin Section3, we needto solve a generalizedeigenfunction,
O

•

a
(—R

T

•

a. If the matrix
T

•

is
inversable,thenthegeneralizedeigenfunctioncanbetransformedto aordinaryeigenfunction,i.e.

T

•

B

�

O

•

a
(SR

a.
However, theeigensystemcomputationof theordinaryeigenfunctioncouldbeunstablesincethematrix

T

•

B

�

O

•

neednot be symmetric. To avoid this problem,the following methoddiagonalizesthe symmetricmatrix, and
producesastableeigensystemcomputationprocedure.

By applyingeigenvectordecomposition,
T

•

canbedecomposedinto theproductof threematricesasfollows:

T
•

(™˜›š•˜

Q

where
šœ(A•

0‡ž�Ÿl 

R

�^�

R

�^���������

R

�F¡

aretheeigenvaluesand
˜S(�¢

u ��� u ����������� u
��£

arethecorrespondingeigenvectors
of

T

•

.
˜

is othonormalin that
˜

Q

˜¤(¦¥

and
˜§˜

Q

(¦¥

. Now, wecanrewrite equation(2) asfollows:

OP•

a
(SR

T�•

a

(`¨

O
•

a
(SR6˜›š•˜

Q

a

(`¨ ˜

Q
OP•

˜

�

˜

Q

a&

(SR•š

�

˜

Q

a&

If
T

•

is non-singular, theneachdiagonalentry of
š

is greaterthanzero(
T

•

is positive semi-de�nite,henceits
eigenvaluesarerealnumbers,andno lessthanzero).In thiscase,

š

B

�ª©’� existsandcanbeeasilyobtainedfrom
š

.
If

T

•

is singular, wede�ne
š

B

�ª©’� asfollows:

�

š

B

�ª©’�

&

�V�

(¬«

š

B

�ª©’�

�­�

� if
š

�V�f®°¯ ;
¯

� otherwise.

In fact,
š

B

�ª©’� is ageneralizedinverseof
š

�ª©’� . Now, wehave thefollowing equation:

š

B

�ª©’�

˜

Q
OP•

˜3š

B

�ª©’�

�

š

�ª©’�

˜

Q

a&

(SR•š

�ª©’�

˜

Q

a

Let
>

(±š

B

�ª©’�

˜

Q

O

•

˜›š

B

�ª©’� andb
(¬š

�ª©’�

˜

Q

a. Finally, equation(2) canbesimpli�ed to solve thefollowing
eigenvectorproblem:

>

b
(SR

b (3)

where
>

is a symmetricmatrix. So we can �rst solve a symmetriceigenfunction(3) to obtain
R

andb, then
computea as

˜›š

B

�ª©’� b. In this way, we have transformedthe generalizedeigenvector problemto a ordinary
eigenvectorproblemof symmetricmatrix,whichcouldbecomputedmorestablyandef�ciently.

5 Experimental Results

In this section,we will discussseveralapplicationsof theLPPalgorithm.We begin with a 2-D datavisualization
example.Then,we applythealgorithmto faceanalysis.
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Figure1: Thehandwrittendigits('0'-'9') aremappedinto a2-dimensionalspace.Theleft panelis arepresentation
of thesetof all imagesof digits usingtheLaplacianeigenmap.Themiddle panelshows the resultsof Locality
PreservingProjectionusing the �rst two directionsto representthe data. The right panelshows the resultsof
principalcomponentanalysis.Eachcolor correspondsto adigit.

5.1. 2-D Data Visulization

An experimentwasconductedwith thehandwrittendigit dataset[8]. Thedatasetcontains10classes('0'-'9'), and
eachclasshas200images.Eachimageis representedby a 649-dimensionalvector. Thedatapointsaremapped
to a 2-dimensionalspaceusingdifferentdimensionalityreductionalgorithms.Theexperimentresultsareshown
in Fig. 1. As canbe seen,LPP performsmuchbetterthanPCA. It hasmuchmorediscriminatingpower than
principalcomponentanalysis.TheLocality PreservingProjectionhasalmostthesameperformanceasnonlinear
Laplacianeigenmap,but it is computationallymuchmoretractable.

5.2. Manif old of FaceImages

Much research[5][6][7] hassuggestedthat thehumanfaceimagesresideon a manifoldembeddedin the image
space.In this subsection,we appliedLPPto imagesof faces.Thesamefaceimagedatasetusedin [5] is usedfor
this experiment.Fig. 2 shows themappingresults.Theimagesof facesaremappedinto the2-dimensionalplane
describedby the�rst two coordinatesof theLocality PreservingProjection.Onenoteshouldbepointedout that
themappingfrom imagespaceto low-dimensionalspaceobtainedby our methodis linear, ratherthannonlinear
asin mostpreviouswork. Thelinearalgorithmdoesdetectthenonlinearmanifoldstructureof imagesof facesto
someextent.Somerepresentative facesareshown next to thedatapointsin differentpartsof thespace.As canbe
seen,theimagesof facesareclearlydividedinto two parts.Theleft partarethefaceswith closedmouth,andthe
right partarethefaceswith openmouth. Moreover, thesmoothchangesin facialexpressionandviewing points
of facescanbeclearlyseenfrom left to right, from top to bottom.

6 Conclusions

In this paper, we proposea new lineardimensionalityreductionalgorithmcalledLocality PreservingProjection.
It is basedonthesamevariationalprinciplethatgivesriseto theLaplacianeigenmap[4]. As aresultit hassimilar
locality preservingproperties.

Ourapproachalsohasamajoradvantageoverrecentnonparametrictechniquesfor globalnonlineardimension-
ality reductionsuchas[4][5][6];its eigenproblemhasa sizewhich scalesasthedimensionalityof thedatapoints
ratherthanthenumberof datapoints.For massive datasets,thissaving in run timeandmemorycanbeenormous.

Performanceimprovementof this methodover PrincipalComponentAnalysisis demonstratedthroughseveral
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experiments.Thoughour methodis still a linear algorithm,it is somehow capableof discovering thenonlinear
structureof thedatamanifold.
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Figure2: A two-dimensionalrepresentationof thesetof all imagesof facesusingtheLocality PreservingProjec-
tion. Representative facesareshown next to thedatapointsin differentpartsof thespace.As canbe seen,the
facialexpressionandtheviewing pointof faceschangesmoothly.
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