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Abstract (April 1, 2004 version) without any contract violations. Unfortunately, ensuring
that contracts have no observable effects is a difficult task.
Software contracts help programmers enforce program Therefore the designers of software contracts simply ignore
properties that the language’s type system cannot expressthe problem and have programmers formulate contracts in
Unlike types, contracts are (usually) enforced at run-time. the full-fledged programming language.
When a contract fails, the contract system signals an error.  To improve our understanding of this problem, we de-
Beyond such errors, contracts should have no other observ-veloped an operational model of a functional programming
able (functional) effect on the program’s results. In most language with contracts.c°N [9]. That model specifies the
implementations, however, the language of contracts is themeaning of the language and the meaning of contracts. In
full-fledged programming language, which means that pro- particular, it shows how to blame a specific program com-
grammers may (intentionally or unintentionally) introduce ponent for a contract violation.
visible effects into their contracts. In this paper we present the results of investigating this
Here we present the results of investigating the nature of setting from a denotational perspective. Specifically, we de-
contracts from a denotational perspective. Specifically, we velop a denotational model of contracts using SPCF and
use SPCF and the category of observably sequential func-the category of observably sequential functions [3, 4]. We
tions to show that contracts are best understood as projec-chose SPCF because it has a purely functional (“standard”)
tions. Thus far, the investigation has produced a signifi- model that is fully abstract and yet includes errors, excep-
cantly faster contract implementation and the insight that tions, and a modicum of exception handling. It is thus pos-
our contract language cannot express all projections, which sible to study contracts in a minimally realistic setting with
in turn has produced a new contract combinator. pleasant mathematical properties.
The goal of this effort is to characterize contracts math-
ematically and to use this characterization to improve con-
1 Modeling Contracts tract systems. We start from the conjecture that software
contracts argrojectionsand then ask whether all syntac-
tic contracts denote projections and whether our contract
syntax expresses all projections. The answers—though not

flogrc;:g szolﬁv;azlrezgoggaggs [218 Z’V?/Ztﬁ’ 9’&\/}/’ 12, 15,t16’t17, 18’surprising in retrospect—have already improved the imple-
, 20, 21,22, 23, 25, 26, 28]. With software contracts, pro- mentation of our contract system [10].

g;?::;?e;i iZgSStaLenﬁng:argénvsg@gflse:higt:t?;é,g e;)éstneontw The paper’s organization follows this introduction. The
o P Lo ypes, ! ' . next section informally explains contracts and why we use
verified at compile time but monitored at run-tirh&Vhen

: : projections to model them. Then we recall the Cartesian-
the contrgct monltor'dlscovers that a contrapt QOes not hOIdcIosed category of manifestly sequential functions and in-
for a particular function argument or result, it signals an er- roduce SPCE. its svntax. tvpes. and semantics. Based on
ror. Thus, contracts impose an overhead on the execution oi . ' ymax, ypes, - '

roarams. and contract svstem desianers therefore rovidehls prelude, we formally introduce projections as contracts,
g mgechan'ism to disable c}cl)ntract mor?itorin P answer the above questions, and discuss the implications for
9. our implementation of contracts.
The nature of contract systems suggests that contracts
should not affect the functional behavior of programs. Oth- o
erwise, running a program without contracts may produce 2 Contracts as Projections
different results than running programs with contracts, even

Many programming languages support dynamically en-

1Extended static checking [7] and soft typing [5] are efforts to validate . A contract _m an |mper_at|ve programming _Ianguage con-
contracts statically and to generate code to check those parts of the contrac®!StS .C.)f a pair of assertions for a procedure, a pre-
that cannot be verified. condition on the arguments of the procedure and the state



of the world at call-time and a post condition on the result contractc is a function that satisfies these two equations:
of the function and the state at the time of the return. For coc=c cC1¢.
example, here is a contract for a function that computes theThe e superscript on the identity function suggests that it
square root of a real number (with C-like syntax): may return an error instead of a proper value. In short, we
Il @pre: (i >= 0.0) conjecture thasto_ntract; are (error) projections.
/I @post: (@result - i * i <= 0.001) Informally, this conjecture hQIds when we move from
double sqrt(double i) { ... } flat vaIue;,e.g, doubles, to functlons. In a functional lan-
guage with contracts, we may defisgt as follows:
o a air of asetions in e pocedures body | (@ee(sar ) Goubilposive] —doubleposie])
As already seen, the contracts on the domain and range of
this function become filters (or coercions) doubles. In
general, a contract for functions has the shape

double sqgrt(double i) {

double r;

assert("blame sqrt's caller", i >= 0.0);

r = true_sqrt_function(i);

assert("blame sqrt*, r - i * i <= 0.001);
return r; and, when applied to a functiai) produces

(domain-contract — range-contract)

}

Pre- and post-conditions translate into “filter” functions
for a functional language (with Scheme-like syntax):

(A(x) (range-contract (f (domain-contract x))))

Similarly, when we deal with objects and callbacks on ob-
jects the contract system distributes filters into the object’s

(define(sqrt i) (double —double) methods, and the distributed filters observe contract failures
(range " blame sqrt" (A(r) (< (abs (— i (x r 1)) .001))  for ground types. In short, Scott's equations for types as
(true-sqrt-function retracts apply to our treatment of contracts and suggest that
(positive " blame sqrt's caller” 1)))) the conjecture is a fruitful starting point for our exploration.

A filter function checks that its argument is in some sub-
set and, if so, returns it. Otherwise it raises an error. The3 SEQ: Manifestly Sequential Functions
positive filter, for example, is defined as

(define (positive msg candidate) (string double — double) Formulating the semantics of a programming language
(if (> candidate 0.0) candidate (error msg))) based on the simply-typekicalculus requires a Cartesian-
closed category (CCC). For a language like PCF that in-
cludes primitives and recursion, we actually need a cpo-
enriched CCC. Equipped with such a CCC, we can interpret

In object-oriented languages, a programmer adds con-
tracts to (the equivalent of Java) interfaces:

interface 1Queue { type judgments of the language as arrows in the category.
boolean empty(); In this section, we review the basic building blocks of
/I @post: ('this.empty()) SEQ, the Cartesian-closed category of manifestly sequen-
void eng(double i); tial functions, andSeq an isomorphic category where func-
/I @pre: (this.empty()) tions are uniquely represented as trees. We focus on the
double deq(); four essential elements in the construction of the category:
} the underlying mechanism for generating domain elements
Class definitions can specify that they implemieue : as trees; the construction of the exponéet, the function
] trees; the application of functions to arguments; and the
class Queue implements IQueue { ... } generation of a manifestly sequential domain. Our goal is

class FastQueue implements IQueue { ... }

. merely to recall the relevant aspects of observably sequen-
class RemoteQueue implements IQueue { ... } y P y seq

tial domains [3].

This simply means that the assertions iQueue are im- We represent trees as sets of paths. Each path describes

posed on the methods in each class. how the function would interact with a particular context.
From a foundational perspective, the examples suggesiThey are generated from atomic pieces: addresses and data.

three things: (1) contracts are functions, (2) contracts areConsistency requirements govern the paths so that each

idempotent on good values, and (3) they may raise errors function maps to a unique tree, and each tree has a unique

Readers with some basic acquaintance in denotational seinterpretation as a function.

mantics recognize these conditions as (roughly) Scott's [29] 2An objectA that receives another objegand calls one oB's method

“types as retraCt_S" idea. |nde_ed: ComraCtS. are not just re-gmpjoys (the widely used) callback mechanism. This is the OO equivalent
tracts but projections—a special retract, which means that aof higher-order functions in functional languages.




Definition 1 (Sequential Data Structure) A sequential
data structure ¢d9 S is a 3-tuple(A, D, P) consisting of
three countable sets: a sdtof addresses setD of data
and a prefix-closed set of non-empty paths that alternate
in A and D, starting with an element of. Notation: Paths
are written as addresses and data separated by periods.

A queryis a path that ends in an address andesponse
is a path that ends in a datum. The set of queries for an sds
S is written Que, and the set of responses f8ris written 2.

Res;. 3. foralli > 1 such thai + 1 < |s|, there existsl € D
such thatS(Q,H_l) = S(QL) . d,

the exploration is sequential and therefore corresponds to a
linear sequence of queries and responses.

Definition 3 (Path Sequence)A path sequence over an
sdsS is an alternating sequence of queries (Quand re-
sponses (Re3 such that:

1. the path does not duplicate elements in QueRes;;

sp € A (thatis, sy has length 1); and

Each address in an sds corresponds to a unique aspect
of the class of values that the sds represents. Each datum 4,
corresponds to the instantiation of an aspect for a particular
value. For example, the sds for the natural numiNrd)as o _
one address?, since there is only one interesting aspect of |sl denotes the finite tree of responses in a path sequence.
a number: its value. Accordinglly is the set used for data
in N and its paths ar¢?, ?.n|n € N}. The only query for
N is 7. Each path of the shapen is a response.

for all ¢ > 1 such that2i < |s| there exists an such
that2j+1 < 2i ands(g;) = s(2j+1)-a forsomen € A.

The conditions guarantee that each path sequence starts
with an initial query; that each response immediately fol-
lows its corresponding query; and that any query in the se-

Definition 2 (Manifestly Sequential Domain) Let S be guence has all of its shorter queries in the sequence first.

an sds and leE = {e;, e, ...} be a countable set of errors,
disjoint from the data in5, with one distinguished element
ce, called a contract error.

An observable responsds an element of

Definition 4 (Exponentsds)Let S; = (41,D1,P1)
and S; = (Ay,D,, P,) besdss. Let Res = Resg,,
Que = Quey,, and.”; be the set of path sequences over
S1. Theexponent sd$; = S is (A, D, P) where

Re§ = Res; U {¢.e|q € Queg,e € E}.

A =Res WA,
An element € D(S) (the domain associated with the D =Que W D, .

: : P={pe (A D)
sdsS) is a set of observable responses that is closed under — (0,2)
the prefix ordering and under greatest lower bounds: po;f ’

T (p) €,

e if r € t ands’ is a subpath of, then that”’ € ¢, and

e if r,7’ € ¢ than the greatest lower bound pathsoéand
' is in Re§ (and, by prefix closure, is also ).

m3 (p) € P ormy” (p) =€,

if p(i+1) = <a, 2>, thenpi = <d, 2>,

if pig1) = (1, 1), thenp; = (g, 1),

wherea € As,d € Dy, r € Reg, ¢ € Que }.

The set of elements BYS) is ordered by set inclusion. The
domain element P@) is the one generated by prefix clo-
sure of the pathp.

The functionsry” : P — (Que URes)* andny” : P —
(A2 U Dy)* project a path to path sequences and paths,
respectively. The extensions of these functions to paths in

, domain elements propagate errofdotation: We us€-, 1)
A function fromID(S,) to D(S2) gradually explores the 54 (. 9y 10 inject objects into the disjoint unions dfand
paths in its argument. The exploration proceeds as an ex-p, i, an exponent sds.

change between the function and the argument. The func-

tion issues a query asking to know the next link on a path.  Consider(?,2).(?,1).(?.3,1).(4,2), a path inN = N.

The argument sends back a response, extending the queryhe initial element in the path is always an announcement

with one piece of data. This response may let the function that the function is about to produce some output. The sec-

determine its own output or, if the argument itself is a func- ond link asks for the function’s input. The third one indi-

tion, it may request information about its input. It may also cates that this path describes what happens when the input

be an error response; if so, the the error must be propogateds 3; a function that contains this path returhm this case.
Consider a function oiN. It simply asks for the datum  To generalize this path to a tree that representsatiail

at the single address. Once it knows that number, it knowsfunction, we write{(?,2).(?,1).(?.n,1).(n+1, 2)|n € N}.

everything about its input. F&K — N, the story is differ- Each path returns a number that is one larger than the input.

ent. The input is now a tree with many paths, which means  Functions that do not consider their input have shorter

that the function can explore more than a single path. In- paths. For exampld,?,2).(3,2)} is the tree that represents

deed, it generally explores a finite portion of the tree. Still, the constant function that returns 3.



Functions on natural numbers do not exploit the full gen-
erality of the exponent construction. After all, there is only
a single aspect of the context that it can explore, namely the
value of its input. Functions that accept functions on natural
numbers, however, do need the ability to explore multiple
different paths in their inputs before producing any output.
Consider this path inl{ = N) = N:

<<?,2>.<?21>,1> <<?,2>.<k,2>,1>

(7,2) . (%21 (2)

<<?, 2><?, 1>, 1> (3) <<?,2><?,1><2.3,1>1>
((7,2).(2,1).7.3,1),1) (4)
<<77 2><?7 1> <?37 1><47 2>7 1> (5) <<?2,2>.<?1><2.31><2i,2>,1>
((7,2).(7,1).(2.4,1),1) (6)
((2,2).(7,1).(7.4,1).(6,2),1) (7) i o
(10,2) (8) S

The first link is again an announcement that the function «<225<215<2i 15 <2j.25.1>

will produce a result. The second one asks the function’s

argument for its result. On this path, the argument function @

then responds by asking, in turn, for its input. This path uses ’

3 and then shows what happens when the argument function

returnst. Put differently, this part of the path (up to step (5))

shows how the above pathaudlis used in a function that Figure 1. Af: 0 —o. (f3)+ (f(f3)) in D((N =
consumes functions frol¥ to N—it is just embedded in N) = N)

(-,1). The two steps (7) and (8) show the function asking
its argument what it returns for the inptitand then being
told that the result of that call & Then the function returns
10 in the final step. In short, any function that contains this

path produces0 when passed a functidisuch thaf(3)—4 The formal definition of function application just ex-
andf(4)—6 presses our informal descriptions in the language of paths

Each domain element is a set of responses that Corre_and domain elements. A function explores the input tree
ith a sequence of queries and, after collecting enough in-

spond to the answers for some set of queries (the answere%@' ;
ormation, outputs data. The second clause ensures that the

gueries). In addition, there are a set of queries for which the i o X ;
function propagates errors from its input if an exploration

domain element diverges (the open queries).
ges ( PERG ) of the input touches an error. Analogously, if the function

Definition 5 (Open, Answered Queries)For an sdsS = contains a path ending in an error, it outputs the error.
(A, D, P), andz € D(S), a queryq € Quey is: Figure 1 introduces a technique for concisely drawing a
« answeredd € Answered)) if ¢ C  for somer € 7. function tree. The variables;, andk in the tree range over

N; their use is analogous to set comprehension. The first
e open ¢ € Oper(x)) if ¢ ¢ Answeredr) andg = r.a  occurrence (from the root of the tree) specifies a family of
for somer € z anda € A. paths. For examplé,appears as the result of the argument

For example, all of the non-strict functionsI{N = N) function when applied t8. Accordingly, the th_irq e_dge in
that return a result have empty open sets. In contsadtl, theT Ieft-most path o_f the tree represents an infinite branch
which is {(?,2).(2, 1), (2,2).(2, 1).(2.n + 1,1).(n, 2)|n € point in the tree, with one path for each natural number.
N}, has a non-empty open sét?, 2).(?,1).(2.0,1)}. Subsequent uses of the variable refer to the value on that
particular path. For example, the final node represents an
Definition 6 (Application) LetS; = S> be the exponent infinite number of nodes from the earlier infinite branch-

sdsof 51 andS,. Theapplicationof atreet € D(S; = Ss) ings;i + j is the result for each instance.
to some treec € D(.5;), written ast * z, is defined as:
tkx = {my (p) [ |77 (p)| E x,p € 1} 4 SPCF

U{my"(p)-e||rT (p)|U{q-e} Ez,p.(¢,1) €t}

= = C
Uimz (b)ellm ()l Ez.pe et PCF [24, 27] extends the simply-typed-calculus
where |77 (p)| is the domain element that corresponds to with natural numbers, numeric primitives, and recursion.
the information collected along the path SPCF [3] extends PCF with errors and exceptions.



Type and Term Syntax
yp Y [[I‘I—c:tﬂ:[[cﬂollx’seqtnx'“xseqtl
t=t—t|o [Tryeees Ty oy 1 b ] = 7
M=c|x|(Ax:t.M)|(MM)|(fM) [CHAx". M :¢']=A(T,z"' - M : ¢]) 2t is notinI’
c=n|ce e |ex]| - [TF (My Ma) :¢']| = Appo{([T'F My : t — ¢'],[T = Ma : t])
f=addl|subl|if0|Y | catch H

n=0|1]-- M is shortfor[ A+ M : ¢] x L

Typing Rules
I‘—|—{X't1}|—e' I'kei:ti —t I'te:ty o
catch =
I'EXx:t1.e:t;1 —to I‘I—(el 62).’ 5}
<<?,2>.<n,2>,1> <<?,2>.<?1>,1>
I'EM:t—t I'FAx.M:t
F+{x:tpkFx:t TFYM:t¢ I+ catch’ (Ax.M) : o
I'EM:o
T'kn:o ' (ifo M) : 0 —0 —o . , . .
Figure 3. SPCF's mathematical meaning
I'FM:o I'EM:o

I'add1lM : o T'FsublM: o I'e:o

Figure 2. SPCF 4.2 Mathematical Meaning

The denotational semantics of SPCF maps a type judg-

4.1 Syntax and Types ment such as

{ahn Y E Mot
Figure 2 specifies SPCF's syntax and type system. The
upper half are grammars that specify the raw term and typeto an arrow
language. The lower half is dedicated to the typing rules.
The type language of SPCF is that of the simply typed 1 x Seqg' x ... x Seq" — Seq’
calculus over the natural numbers. Types are eith@rat-

ural numbers) or function types built from simpler types. N Seq. The product on the left represents the shape of the

The PCF term language is basically that of thealcu- environment in which the term must be evaluated; the object
lus augmented witadd1 for incrementing natural numbers, ©n the right is the interpretation of the term's type.
sublfor decrementing positive numbeiff for branching Figure 3 inductively defines the mapping from type judg-

on natura' numbers ar}d for Creating recursive functions ments to arrows. The first clause assumes that there is in-
SPCF'’s errors are distinct constants of ground type. Er- dependent definition for the meaning of constants of type

rors stop the evaluation of a program immediately, without ¢ @s arrows inl. — Seq'. For example, the meaning of

recourse. With errors, programmers can observe the sefatch””? is shown in figure 3. Fox', we assume the usual

quential evaluation behavior of a program. Wahtch, a  limit construction.

program can determine (and exploit) the same sequentiality

information. For example, by applying catch to a function 4.3  Full Abstraction & Representability

such asXi : o.if0 i 0 (subli)) we can determine thdtis

strict in its argument and that therefoe(ff Ax.x)) would The mathematical semantics is fully abstract [4]. Put dif-

diverge and { e) would signal the erroe. ferently, for any termM, its tree denotation is a complete
The typing rules are the usual ones for the simply typed representation of how it interacts with all possible contexts

A-calculus, plus some rules for the functional constants.in SPCF that turrM into a complete program. As a conse-

The rules use type environmenfs) (and rely on the fact quenceM is indistinguishable in SPCF froN iff the two

that each variable is superscripted with its type. The mostdenote equal trees.

interesting rule is the one faratch. It shows thatcatch Finally, every infinite computable tree in SPCF has a

consumes a function of any type and always produces a term representation [14]. We can thus easily move back and

Later, we omit the types when they can be reconstructedforth between semantics and syntax, as long as we respect

from the context (with unconstrained types treated)as computability. We make use of this fact in the next section



where we first explore the candidates for software contractsDefinition 9 (Erase) Erase(M) is like M with all occur-
in Seq and then their relationship to our syntactic contract rences of ¢ontract M; M) replaced withMs.

system.
Theorem 1 (Contract soundness)For any program M

such that the denotation of each first argumentaatract

5 Contracts as Projections is an error projection]M] Cce [Erasg M)].

Equipped with the syntax and semantics of SPCF, we  Now we can ask how to discharge the antecedent of this
can now study the nature of contracts: what they should theorem, that is, how to construct syntactic contracts so that
be and what they are. We begin this exploration by for- they always denote semantic contracts. While we had hoped

mulating contracts as mathematical abstractions. Then wehat our original contracts [9] already satisfied that property,
analyze each element of our original contract system in thisj, retrospect is is not surprising that they do not.
semantic setting, providing a geometric intuition into con-

tracts and then error projections. 5.3 Flat Contracts for Flat Values
5.1 Error Projections In ACON, flat contracts were represented as predicates.

) . ) ) _ Here, we use theLAT combinator to map predicates to con-
Our first task is to translate the informal discussion of 1., i< that explore their input with the predicate:

section 2 into formal definitions. Recall that a contract re- o
stricts a value or a function’s behavior by inserting contract P€finition 10 (FLAT)
errors. To define this notion of projection, we first define

L FLAT : D((Ch = ...C')= N) —
the concept of error approximation. D(

Ch = ...Ctr) — D(Ch = ... C'n)

Definition 7 (Error Approximation) Let 7, ' be two re- FLATf(z) = if frz={7n+1}
sponses from an sds and lete be an error inE. We say {(?).cet if fxz={7.0}
r Ce r' iff {(r).et if frz={7e}

{} if fxz={}

e r=1r":0r
e r = q.e for somey € Que; such thaty C +/; or where(?) is the initial query inD(S).
e r = r’.a.e for some address from S.
. Lemma 2 FLAT = [Af: t; — - -(t, —0). AX. Ay1. -+ - AYn.
If z,2’ € D(S) ande € E, thenz Ce 2 iff if0 (f x) ce (x y1 - -yn)].
e forall r € x, there exists am’ € 2’ s.t.r Ce r/, and

e forall ' € 2/, there exists am € z s.t.r Cg 1 Unfortunately, definition 10 also immediately shows that

FLAT cannot produce error projections from all functions in
Definition 8 (Error Projection) Letce be the specialcon- D(N) — D(N). The last two clauses in the definition indi-
tract error. A functionp : D(S) — D(S) is an error cate that even a predicate on the natural numbers can have
projection (writtenp € proj(ID(S))), if and only if: (1)p two effects: divergence and errors. Accordingly, we must
is a manifestly sequential function, ()= p o p, and (3) restrict FLAT's arguments if we wish to construct projec-

p(x) Cee , forall z € D(S). tions.

From now on, we refer to error projections as (semantic) Proposition 3 For any f : D(N) — D(N) such that

contracts. Open(f) = 0 and f does not contain any errorsLAT (f) €
proj(D(M)).

5.2 SPCF with Contracts

To support contracts in SPCF, we add one new form: 5.4 Flat Contracts for Higher-Order Values
(contract M; M,). The first argument is the contract and
the second is the value that is monitored. The typing rule: Consider the term\f : o —o. (f 0). By lemma 2 we
. ) know thatrLAT (Af. (f 0)) is Af. Ax. if0 (f 0) ce (f x) in
LEM, :t =t Mt D((N = N) = (N = N)). Figure 4 shows the corre-
I' - (contract My M) : t sponding tree. The longest path in the tree represents the
guarantees that the value and the contract match. Semantisituation when the function with the contract is applied to

cally, contract applies its first argument to its second. an integer other thafl. This path, however, contains the
The key theorem on contracts relates programs to theirresults of applying the original function @ Thus, if the
counterparts where the contracts have been erased. original function signals an error f@but does not for some



<<?,2>2>

<<?2><0,2>,1> | <<?,2>.<?,1>,1> <<?,2>.<n+1,2>,1>

<<?2>.<?21>.<2i+1,1>.<},2>,1>

Figure 4. \f. Ax.if0 (f 0) ce (f x)

of type o —o should perhaps map odd numbers to prime
numbers only. Semantically speaking, we need a function
that consumes two error projections and combines them into
a new error projection for the matching function type.

Definition 11 (HO)

Ho: (D(C") —D(C"))

— (D(C*) — D(C*))

—D(C" = C') — D(C* = C'°)
me

(i, 1 (g, 1) ¢i-d; € R‘es
’Ld’L71 . ||1( <Z7 >)|
q g;.Ce €1 ( U{qz.qdl} )
o(PC(n3" (r))) = PC(m3"(r))
qg.ce | q.(d,,2) € f
73 (q).ce € o(PC(r3” (q).do))
i(lmT (@) = =T (@)l

other input value, the contract function signals the error andWhere and o are error projections on the domain and

therefore isn’'t an error projection. Concretely,

((contract (Af. Ax. if0 (f O) ce (f x))
(Ax. if0 x e 33))
1)
is the errore but erasing the contract leaves us with
((Ax.if0x e 33)1)

range,r € ReS$:t;—.cto, ¢ € QUEt 1o, ¢ € QUE;,
d; is a datum inC'*, andd,, is a datum inC'°.

The functionHo; , usesi and o to process each path
in its argument. The processing proceeds according to
three cases. Recall thgt ()| is the finite element that
the pathr inspects before producing its output, and that
PC(75”(r)) is the prefix-closure of the finite element that

which yields33. More generally, a predicate on a higher- produces when the input is approximated ja” (r)||. The
order domain may not apply its argument if we wish to con- first case deals with paths for which neittigror o change

struct contracts from it.

In Seq, however, predicates can explore functions with-

out applying them.
whether a function fronN to N is strict. In SPCF, this ac-
tion corresponds to applyingatch to the function. Indeed,

anything. This means that the function (on that path) keeps
its promises and that the input cannot violate its contract.

For example, a predicate can testThis first situation corresponds to those portions of the con-

strained function that satisfy both parts of the contract.
The second case deals with paths for whickignals

testing whether a function probes its argument is a gooda contract error for the finite portion of the input that the

predicate and yields a contract when suppliedLtar.
Proposition 4 FLAT (catch’) is an error projection for alk.

In general,catch explores the first-order properties of

functions. We refrain from exploring this direction in depth,

constrained function inspects. Specifically if the function
gueries the argument witly, and there is some datum
such that; would insert a contract error when confronted
with the pathg;.d;, then the function’s original path is re-
placed by a path that signals the contract etrdhe third

because it is too closely tied with SPCF’s mechanisms of case projects out paths for whiehis not the identity. It

exploring first-class objects.
5.5 Higher-Order Contracts

The idea behind theto contract combinator is that pro-

grammers should be able to restrict the inputs and the out-
puts of their functions separately. For example, a function

corresponds to a violation of the range contract.
Lemma5 HO= [\i: t; —t;. Ao: t, —t,. M. Ax. o (f (i x))]

Even better,HO; , always produces error projections
from error projections.

3|t is acceptable if the output projection also cuts its path.



Proposition 6 For any ¢ < proj(ID(I)) and o
proj(D(0)), HO;., € proj(D(I = O)).

S

5.6 Higher-Order Dependent Contracts

Restricting the behavior of a function is not just a matter
of restricting its inputs and its outputs separately. Program-

mers often have a cheap test whether a function produced

a reasonable output for some input and need to express thi
with a function contract. For example, in SPCF (with addi-
tional numerics), we can captusert's behavior like this:
(contract (HOD (FLAT (Ai. i > Q))
(Al. FLAT (Mo. abs(oxo — 1) < 0.001)))
sqrt)
This contract states thatyrt only accepts numbers bigger
than zero and that the result is with001 of the square
of the input. TheHob combinator creates this second part

of the contract with a function from the input tqrt to a
contract for its result.

Definition 12 (HoD)
HoD: (D(C*) — D(C*))

— (D(C*) — D(C**) —
— D(Ct = Ct) — D(Ct:

HOD; o (f)(x) = HO; o(z) (f) ()

Lemma 7 HOD= [Ai: t; —t;. Ao: t; —t, —t,. Af. Ax. (0 x)

(f (i x)]

To get error projections fronHoD, we need to im-

D(C*))

= C')

)(

(FLAT Ax.1) acts as the identity function andLaT A\x.0)
rejects all values.

Figure 8 (in the appendix) displays the corresponding
domain element. The longest paths in the tree have this

shape:

((7,2),2).({(7,2),1),2) (2)
A((7,2).(7,1),1),2) (3)
A((7,2).(7,1).(7.0,1),1),2) (4)

S {(2,2).(2,1).(2.0,1).(m 4 1,2), 1), 2) (5)
(7, 1),2 (6)
A(7,2).((7,2),1),1 (7)
((7,2).((7,2), 1).((7,2).(%, 1), 1), 1) (8)
{(%,2) (9)

A(7,2),1)

A(7,2).(7,1),1)

(7,2).(0, D). (7p+1,1),1),1)

A((?7,2).(7, D). (7p+1,1),1),2) (10)
(7, 2).(7, ). (?p+1,1).(¢,2),1),2) (11)
A(7,2).((7,2), 1).((?,2) (¢, 2), 1), 1) (12)
A(7,2).((7,2), 1).((7,2) (g, 2), 1).(r, 2), 1)  (13)
A(r,2),2) (14)

This path contains two queries of the input function: step (4)
in the path asks for its value at(answered in step (5)) and
step (10) asks for its value -1 for somep € N (answered
in step (11)). Since the context only queries the function at
p+ 1, in step (9), this function is not a projection.

Practically put, if the post-condition farobD explores
the argument to the function more than the function itself
does, then the antecedent of proposition 8 is guaranteed not
to hold. This suggests that we consider an alternative se-

pose stringent constraints on the sub-contract generator thamantic combinator usingo as a template.

checks the output.

Proposition 8 For i € proj(D(/)) and o € D(I)
D(O) — D(O) such that for allx € D), o(zx)
proj(D(0)):

N
S

HOD; , € proj(D(I = 0)).

Unfortunately, this antecedent does not provide a useful
criteria for syntactic contracts. Consider this useiob:

(HOD (FLAT Ax. 1)
(M. ifO (f 0)
(FLAT Ax. 0)
(FLAT Ax. 1))) : (0 —0) —(0 —0)

All of the contracts constructed fromLAT are obviously
semantic contracts, because the predicates are total. Henc
the input sub-contract satisfies the antecedent of the propo
sition. The output sub-contract, however, doesn't. It ex-
plores whatf produces when give@i and produces one of
two contracts afterwards.

Simplifying the above expression by the equations of the
semantics, we haveig. A\f. Ax. if0 (f 0) ce ((g f) x), since

Figure 5 contains the alternative definition. It is similar
to HO, except that at each place wheris used irHO, HOD'
applieso to the finite portion of the input thaf already
considered along each particular path. This eliminates the
above problem, yet still gives the output contract the ability
to inspect some portion of the input. Unfortunately, we do
not have a topological characterization of the class of con-
tract generators that would enable us to state an analog of
proposition 8 foHoD'.

Still, we can actually translate this idea into a practical
contract combinator. Since the finite elementsSig are
enumerable, we can hand the contract generator the index
of the finite approximation that was explored instead of the
element itself. That is, a contract system could use first-
order representations of higher-order explorations and thus
@woid effectful computations in postconditions.

6 Expressiveness

Since Seq is fully abstract and since all of its com-
putable elements, including infinite ones, are representable



HoD' :  (D(C*) — D(C*))
— (D(C*%) — D(C*) — D(C*))
— D(C* = Ct) — D(C* = C')
HODL () =
{ re f|illaT (r)) = [l (r)] }
ol (M) (PC(m3” (1)) = PCm3” (1))
U
r{qi, 1) rdg,1) € f ¢;.d; € Resg
{¢i-di, 1) | gi-ce € i(||ry (r(g;, 1))|| U {q;-di})
.ce o(|[= (r)|[)(PCn3"(r))) = PCw3” (1))
@]
g.ce | q.(d,,2) € f
T3 (q)-ce € o([|m7" (¢)[|) (PCm3” (q)-do))
i(llr (@I]) = [Im7 (9)]|

Note:r € ReSti . cto, ¢ € QU - o, ¢; € QUES, d; IS
a datum inC*, andd,, is a datum inC',

Figure 5. HoD'

in SPCF [4, 14], we know that all semantic contracts are ex-

<<?,2>,2>

<<?,2><?1>,1> <<?,2>.<n,2>,1>

<<?,2>.<?,1><2n,1>.<2.m,2>,1>

<<?,2>.<?1>.<?2n,1>.<2n,2>,1>
(wheren!=m)

csid = Af. Ax. eq =Y (Aeg. Ax. \y.
if0 (catchf) if0 x y
(if0 (eq (f x) x) (ifoy1
(f x) (eq (sublx)
ce) (subly))))
ce
Figure 6. The contract csidin  D((N = N) =

(N=N))

pressible in SPCF. The true question is, however, whether
our contract combinators can express all semantic contracts

without any additional help.

Theorem 9 There exist error projections that are not ex-
pressible as a combination &fo, HOD, andFLAT.

The proof consists of two lemmas. First, we construct
an error projection (using SPCF) on—o that explores its
function in an unusual manner. Specifically, take a look at
the definition ofcsid in figure 6. The function checks two
independent properties of it's arguménthatf is strict and
thatf’s result is the same as its input.

Lemma 10 The functiorcsid is an error projection.

The second lemma shows thatid is not expressible
with the current set of combinators.

Lemma 11 The functioncsid (given in figure 6) is not in
the range ofLAT, HO, or HOD.

Extending the language with a new combinator, however,
is enough to expressid. The new combinatoAND, com-
poses two projections:

Definition 13 ANDy ,(x) = f(g(x))

Proposition 12 csid is
(AND (HOD (FLAT Ax. 1)
(Aa. FLAT (Ab. (ifO (eq b a) 1 0))))
(FLAT (Af. (if0 (catch f) 1 0))))

Two open problems remain. First, we would like to know
whether this set of combinators is complete (probably not).
Second, if it is not, we would like to find (pragmatic) exten-
sions that make it complete.

7 Blame and Future Work

Our original paper [9] on functional contracts specifies a
blame assignment system in addition to an operational se-
mantics of contracts. The blame assignment system identi-
fies the guilty party when a contract violation occurs. For
simplicity, it assumes that it takes exactly two parties to
agree to a contract: the producer of the value (function,
class, object) and the consumer of the value. Technically,
the producer is the expression that creates the value; the
consumer is the context of this expression.

To distinguish the two possible violations, we can think
of each semantic contract to be a composition of two projec-
tions. The first monitors the producer’s behavior; the sec-
ond is responsible for the consumeidapting the com-
binators to this new definition is easy; see figure 7 for the
result. For flat contracts, the blame lies exclusively with the
producer. Hence, the second part of the composition is the
identity function. For higher-order contracts, the blame is

4In a practical implementation, we also need to add an explanatory mes-
sage to the respective errors, but we ignore this aspect for now.



different insights into the area. Thus far, we have had the
chance to translate two such insights into practical results.
First, as soon as we noticed that our contract combinators
(HO (ap o an) (bp o bn)) = could not express mixtures of first-order and higher-order
M. Ax. bp (f (an x)) o Af. Ax. bn (£ (ap x)) properties (section 6), we checked whether our Scheme li-
brary might benefit from such contracts. Not surprisingly,
we found many opportunities. For example, Schemeip
accepts a functioifi and arbitrarily many list$; - --1,,. Ac-
cordingly, f's arity must ben. If so, map appliesf to each
row in the “matrix” of lists, returning a list of the results. If
reversed as the contracts is distributed to the domain of awe wish to restrictnap so that, for example, the lists con-
function. Accordingly, the first projection that tike com- tain odd integers only, the contract for the restricteap
binator produces checks the consumer’s aspects of the dohas two aspects: a first-order one, which ensures that the
main and the producer’s aspects of the range. Similarly, thearity of f is n, and a higher-order one, which ensures that
second projection checks the producer’s aspects of the dothe functions consume and produce odd integers only.
main and the consumer’s aspects of the range. Second, studying contracts as error projections also
The reformulation of the combinators only serves to ex- pointed out a serious flaw in our previous representation
plicate the nature of blame; their meaning remains the sameof contracts for Scheme. Specifically, we had distinct rep-
resentations for first-order and higher-order contracts. As
a result, it was extremely difficult to add mixed contracts.
Worse, since the contract representation was not uniform,
From that proposition, it follows that the propositions and it was nearly impossible to perform optimizations of con-
theorems from the preceding sections apply to this revisedtracts. This work on contracts as projections pointed out
contract system as well. In particular, it suffers from all the that contracts are always projections (curried, if blame is
Shortcomings (|ack of effect freedom, lack of expressive_ added as in section 7) and combinator-based combinations
ness) that the blame-free system has. of projections. Using this new representation, we improved
The new understanding of contracts has, however, onethe performance substantially. For example, checking (
distinct advantage. It suggest a new ordering relation on(FLAT Ax. 1) (FLAT Ax. 1)) is now 3 times faster than the
error projections. Instead of just comparing contracts with original system. Better still, adding contracts to our ob-
contracts, we can now compare the positive and the negativdect system became possible; the old representation made
aspects of a contract with the positive and negative aspect@dding object contracts intractable.
of another contract, respectively. The base comparison (per In addition to these practical improvements, we are now
aspect) is Scott's [29] original ordering relatios. To dis- investigating a novel contract language for higher-order ob-
tinguish the two related orderings, we call osts jects (closures, objects). This new contract system would
use memoization tables to keep track of those portions of an
object that a method explores. The contract system would
aebifandonlyifa=aob then use this table to conduct run-time checks rather than
(ap o an) «(bp o bn) if and only ifap e<bp andbn e<an the object itself. Clearly, this switch would enforce that
methods have no visible higher-order effects. The open

Intut|rt1|vely, a &b medans that pt)lgc;gs fewe:hrestncélons fquestion is whether such a contract system is practical, and
on he€ consumer and more restrictions on the producer Ol 15 end, we will need to conduct experiments.

(FLAT f) =
(Ax. Ay1 + - -Ayn.ifO (f x) ce (x y1 -+ -¥n)) © AX. X

Figure 7. SPCF/c with Blame

Proposition 13 FLAT and HO in figure 7 are identical to
FLAT andHO in section 5, respectively.

Definition 14 (< and )

a value tharb.
Unlike Scott’s original relationg is contra-variant for
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Appendix

This appendix consists of figure 8 showing the denota-
tion of Ag. Af. Ax. if0 (f 0) ce ((g f) x), and the proofs of <«
the results stated in the main body of the paper.

<<<?,2>,1>2>

A P rOOfS ,,,,, <<<?,2> <i+1,2>,1>,2>

<<<?,2>.<?,1>,1> 2>

<<?2>1>

Theorem 1 For any program}M such that the denotation
of each first argument tocontract is an error projection,

[M] Cce [ErasdM)].

Proof. By induction on the structure afl.]

Lemma 2 FLAT = [Ax : (1 —- - tp) —0. AY. Azy. - Az,
if0 (x y) ce (y z1 - 22) |-

Proof. This proof is four straightforward calculations, one
for each case in the definition efAT. O

Proposition 3 For any f : D(N) — D(IN) such that
Oper(f) = 0 and f does not contain any errorsLAT (f) €
proj(D(M)).

Proof. The fact thaFLAT ; is manifestly sequential follows
from an inspection of the definition GLAT.

To prove thatFLATy = FLAT; o FLAT, there are four
cases, based on the case distinction in the definitienaf.
The first case is obvious, as are the third and fourth. For the
second case, once we observe thastmanifestly sequential
(and thus errors are propagated), the proof goes through.
Thus, all uses ofLAT are all retracts.

Due to the constraints ofy, we know that the third and
fourth cases ofLAT cannot occur unless they come from
the argument tarLAT ; and thusrFLAT ; satisfies the third
condition to be an error projectiom
Proposition 4 FLAT(catch’) is an error projection for

<<<?22>
<?1>
<2.0,1>
<0,2>,1>,2>

<<?22>
<<2,2>,1>,1>

<<?,2>

<<?2,2>

<<?,2>.<<2,2>,1>,1>
v e .<s52>,1>

.<<?,2><i+1,2>1>

<<2.2>,1>
<<22>.<21>,1>
<<2,2>.<21><20,1>,1>,1>

<<?,2>,1>
<<?22><?1>,1>
<<?,2>.<2,1><?p+1,1>1> 1>

<<<?2>.<?,1>.<?p+1,1>,1>,2>

<<<?,2>
.<<?,2>,1> .<?,1>
.<<?,2>.<m+1,2>,1> .<?.p+1,1>
.<n,2>1> .<q,2>,1>,2>

@<<?,2>_<q,2>,1>,1>

all ¢. o
.<<?,2>

Proof. For shorthand, we use the na@eor FLAT (catcH). o>

We have .<r,2>,1>

(((7,2)...,2).((ce,2)...,2)} O

).
sy =] TT2.2(01.2. 2 e f

f otherwise
. L i . Figure 8. The tree for
This function is clearly manifestly sequential and also Ag. ML Ax. if0 (£ 0) ce ((g f) x) in
clearly a retract. To show that it is an error projection,flet D((N = N) = N) = (N = N) = N)

be given and consideés (). If f falls into the second case
of &, then clearlyS(f) Cce f-

If ffallsinto the first case, the only element®ff) is as
given above. Clearly, that element is an error approximation
to an element off, by the condition for being in the first Proof. By extensionality (theorem 6.12 [4]) and lemma 15.
case. Also, since the path given in the condition for the first 1
case is of length two, it is the shortest pattfiand therefore ~ Proposition 6 For anyi € proj(ID(I)) ando € proj(D(0)),
the only element of5(f) is an error approximation of all  HO; , € proj(D(I = 0)).
elements off. O Proof. The definition ofHO shows that it is manifestly se-
Lemma 5HO= [Ai: t; —t;. Ao: t, —t,. AL Ax. o (f (i x))] quential. Similarly, it also impliesio; ,(f) Cce f for any
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f € D(I = 0). The idempotency ofio follows from a
case analysis on the three cases in its definition.
Lemma 7 HOD= [Ai: t; —t;. Ao: t; —t, —t,. Af. Ax. (0 x)
(f (i x))]

Proof. Follows from the definition oHoD and lemma 50
Proposition 8 For ¢ € proj(D(I)) ando € D(I) —
D(O) — D(O0) such that for allz € D(I), o(z) €

we know thati({?.3}) # ({?.3}). Sincei is an error
projection, it must be the case th&{?.3}) = {7.ce}. But
that would also mean thatop; ,(f) » {7.3} = {7.ce},
which is a contradiction. Thereforsid is not in the range
of HOD. Since every function in the range ab is also in
the range ofHOD, csid is not in the range ofio. (A similar
argument to the above shows tlaid is not in the range of

proj(D(0)): HOD'.)
To show thatsid is not in the range ofLAT, first assume
thatitis. Thus, we can pici such thatsid = Af.if0 (p f) f

ce . For each natural numbeérdefinef; : D(N) — D(IN)

{y ife={}
filz) = {7}

HOD; , € proj(D(I = 0)).

Proof. The proof is analogous to that of proposition .
Lemma 10 The functiorcsid is an error projection.

Proof. Let f be inD(N) — D(N). The function csid
produces one of the following values for suchfan

if e ={?n}and0 <n <i
{} if z ={?.n}andn >

Definef = | |, fi andg : D(N) — D(IN)

{(2,2).ce} if (7,2).(n,2) € f
{(2,2).7,1)} { y  ie={)
U{(7,2).(?,1).(?.n, 1).ce| glz) =< {21} ifz={7.0}
(?,2).(?,1).(?.n, 1) .(m, 2) € f, otherwise {?n} fz={?n}andn #0
U {?7,72;?}7 1).(?.n,1).(n,2) | We know that([csid] * g) = {?.0} = {?.ce} and thuqp] x
(2,2).(2,1).(?.n,1).(n, 2) € f} g = {?.n+ 1}. Also, we know that sincé[csid] ~ f;) *

{?.i} T {?.i}, [p] = fi = {?.0} for any:. But this leads to
a contradiction:

{7.0} =L {{".0}}

This follows from the denotation (see the top of figure 6) of
csid. Clearly, csid is a retract and, for alf, (csid f) error

approximates. O by definition of | |

Lemma 11 The functioncsid (given in figure 6) is not in =L {lp] = f:;} by above observation

the range OFLAT, HO, Or HOD. = [p] » (L;{/:}) by continuity of[p]

Proof. To show thatcsid is not in the range oHop, =lpl = f by definition of f

first assume that it is. Thus, we can pitk such that Clplxg by monotonicity ofp] andf C g
HOD; , = csid. We know thaf|(csid (Ax. 3))] = {(?.2).ce}. ={tn+1} by above observation

Since[Ax. 3] = {(?7,2).(3,2)}, HOD; ,({(?,2).(3,2)}) =
{(?.2).ce} and applying that to bottom givd$.ce}. Since

ce does not appear in the argumenttoD; ,, it must be in-
troduced in either the second or third subset in the definition
of HO. It cannot have been introduced in the second subset,
since there are no paths of the fogmig, 1) in HOD’s argu-
ment. Thus, we know that it comes from the third subset

ando({})({?.3}) = {?.ce}.

Now consider the element:

becaus€g[?.0} Z {?.n + 1}. Thereforecsid is not in the
range ofFLAT. O
Theorem 12csid is

(AND (HOD (FLAT Ax. 1)
(Aa. FLAT (Ab. (if0 (eq b a) 1 0))))
(FLAT (\f. (ifO (catch £) 1 0))))

Proof. The proof is a somewhat lengthy calculation involv-
ing standard equations of SPCF, lemmas 2 and 7 showing
HOD andFLAT’s behavior, and these additional equations:

if0 swapping: (if (if0 a 1 0) b c¢) = (if0 a ¢ b)

if0 factoring: (if0 (if0 a b c¢) d e) = (if0 a (if0 b d e) (if0
cde))

7 E{(2,2)(2,1), (2,22, 1), 1.3, 2)|n € N}
— D\x.if0 x 33]

We know that (¢sid (Ax. if0 x 3 3)) 3) = 3. Accordingly,
HOD; ,(f)({?.3}) = {?.3}.
Since o must be monotonic, we know that

o({?.3})({2.3}) must be{?.ce}. Considering the third set If0 nesting: (if0 x y DI(if0 x z w)]) = (if0 x y D[w])

in the definition ofHo again, if(?,2).(?,1).(?.3,1).ceisan b T E:]:g ?/IA];[ ﬁ;
element ofHOD; ,(f), thenHOD; ,(f) x {?.3} = {?.ce}. where | (ifo M M D)
So, it must be the case thét, 2).(?,1).(?.3,1).ce is not | E

in HOD; ,(f) = {?.3}. Since we have already established
o's behavior for this element, in order to rule out that path, O
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Lemmal5 For anyx € D(I),f € DI = 0),i €
proj(D(1)), o € proj(D(0)),

HO; o (f) *x z = o(f xi(x))

Proof. Letr € Reg, be given.

» CaseC. Assumer € HO, ,(f) x x.

» CaseC1. Assume that is the first subset of the definition
of x. Pickp such that = 73" (p),r € Res, ||77" (p)|| C
x,andp € HO;,(f). Since there are no errors in the
first subset ofx, there are no errors im and we know
that p must come from the first subset Bb; ,(f). Thus,
i(llm ) = 177 ()], o(PO(m5” (1)) = PC3 (p)),
andp € f. Sincei is monotone, we know(||7 (p)||) C
i(z) and thug|7T (p)|| C i(z). Accordingly, by the def-
inition of x, p € f % i(x). Thus PCn5 (p)) C f *i(x)
and by the monotonicity ob, o(PC(73” (p))) = o(f *
i(z)). Finally, sinceo(PC(73" (p))) = PC(n3 (p)) and
r € POy (p)), 1 € ol f *i(2)).

» CaseC2. Assume that is in the second subset of the def-
inition of x. Pickp, ¢ such that- = =5 (p).e, ||=7 (p)|| U
{¢-e} C z,andp.(q,1) € HO,;,(f). Sincep.(q,1) does
not end in an error, we know that it must come from the
first case ofHo; ,(f). Accordingly, i(||77 (p.(¢g,1))) =
I (p-{g, 1)) ando(PC(w3” (p))) = PO(m3” (p)). Since
i is manifestly sequential;({g.e}) = {q.€}. Thus,
i(llm (P U {g.}) = |lm7 (»)]] U {g-e} and|[z7 (p)|| U
{g.e} C i(z). Accordingly,n5” (p).e € f *i(x). Since
o is monotonic,o(PC(73” (p).e)) C o(f % i(z)). Sinceo
is manifestly sequential(PC(73" (p).e)) = PC(n3 (p).€)
andn3” (p).e € (f xi(x)).

» CaseC3. Assume that is in the third subset of the defini-
tion of x. Choose such that = 757 (p).e, p.e € HO; ,(f),
and| |z (p)|| C z.

» CaseC3a Assume thaip.e comes from the first case

in the definition ofHO; ,(f). Thus, o(PC(73” (p.€))) =
PQ(r;" (p-e)) and i(|lr7 (p-e)l) = |77 (p-e)ll. As
before, || (p.€)|| = i(||=T (p-€|]]) £ i(x). Thus,

3 (p).e € f *i(x). Also as before,n3”(p).e €
POy (p)-€ = o(POm3” (p-e))) E off *i(x)).

» Case C3h. Assume thatp.e comes from the second
case in the definition ofio; ,(f). Thus,e = ce,p =
r.{q;,d;, 1).ce, andi(||7T (r{¢g;.d;, 1)||) C i(x). Since
gi.ce € ||r7 (r(¢;-d;, 1))||, we know thatg;.ce € i(z).
According to the definition ok, » € f xi(z). Thus, as in
the previous cases,c o( f x i(z)).

» CaseC3c. Assume thap.e comes from the third case
in the definition ofHo, ,(f). Thus,e = ce. Pickg,d,
such thatg.(d,,2) € f,7n3 (g).ce € o(PC(n3 (q).do)),
andi(||77 ()|]) = |l=T (¢)||.- As in previous cases, by
the monotonicity ofi, we know that||77 (p.(ds, 2))|| C
i(x). Thus, 75 (p.(do,2)) € f *i(z). Sinceo is mono-
tonic, o(PC(73" (p-(do,2)))) € o(f % i(z)). Thus, since
75" (p).ce € o(PC(ry” (p.(do, 2)))). 7 € o(f *i(0))-
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ThereforeHO, o (f) x z C o( f xi(x)).

» CaseD. Assumer € o f xi(x)).

» CaseD1. Assume that € f xi(z) butr & o(f i(x)).
Then, there existsl € f xi(z),gn € Que, such that C
rl,o(rl) = r, andr = gn.e. If rl € Reg, letrs berl.
Otherwise, sincel does end in an error;l = gm.e for
somegm € Que,. Sinceo is manifestly sequential and
rl & o(PC(rl)), we know thaign C gm. Thus, there exists
rs € Reg such thaygn C rs C gm andrs € f xi(x).

From the definition of«, choosep such thatrs” (p)
rs,p € f,p = q.(do,2), and||77 (p)|| C i(z). Assume
that ||77 (p)|| Z «. By the definition of error projection,
there exists & such thatg.ce € || (p)||. But, 77 (p)
for any p never contains an error, $pri” (p)|| C x. Ac-
cordingly, |77 (p)|| is in the range of and||= (p)|| =
i([|l7T (p)|). Thus, g.ce € HO;,(f), from the second
case of the definition ofio, ,. Since||n (¢.ce)|| C «z,
75 (q).ce € HO;(f) » x Sincer T rs, we know that
r C 757" (¢q).ce and thus: € HO; ,(f) * .

» CaseD2. Assume that € f xi(z) andr € o(f x i(x)).
Thuso(PC(r)) = PC(r).

» CaseD2a Assumer € Res,. That is,r does not end
in an error. From the definition of, we can pickp such
that 757 (p) = r,||77 (p)|| T i(z), andp € f. Since
[|77 (p)]| has no error, we know thaltr;” (p)|| C z. Thus,
D € HO; o(f). From the definition ok, r € HO, ,(f) * z.

» CaseD2b. r gn.e and r comes from the sec
ond set of the definition ok. Choosep, ¢ such that
I (p)|| U {q-e} T i(x), 73" (p) = r, andp.(¢,1) € f.
It i([|= (p)II) = [I=1" (p)||, takep’ to bep andg’ to beq.
Otherwise, we can construgt such thap'.(¢’, 1) C p and
(|77 (P)]) = ||=7 (p) by trimming p to the first place
wherei inserts an error in the first projection pf

It 77 (@)l U {d e} E a, then (|| (p)|| U

{de}) = ll=T @)l U {de} andp’ € HO;,(f).
Thus r € HO;o(f) x . If not, e = ce and
¢.ce € i(PCq.d)) where d is some datum off

and ¢’.d € z. Accordingly, p’.(¢’,1).{(¢’.d’,1).ce €
HO; o(f) and |77 (p'.(¢’,1).{(¢’.d,1))]] T . Thus,
75 (p-(g,1).{g.d, 1)).ce € HO; ,(f) * = and therefore- €
HO; o(f) * z.

» CaseD2c. r = rn.e and comes from the third set in the
definition of x. Pickp such thaip.e € f and||7T (p)|| C
i(z). We know that |77 (p)|| E z since||r (p)|| has no
errors. Thusp.e € HO; ,(f) andr € HO; ,(f) * x.

Therefore,HO; ,(f) * D o(f x i(z)), concluding the
proof. O
Proposition 13 FLAT and HO in figure 7 are identical to
FLAT andHO in section 5, respectively.
Proof. For FLAT, this is obvious, and foro a simple cal-
culation, using only3, proves the resultg
Theorem 14 For all error projectionsp, p;, and p» such
that p; e<p,



(HO p2 p) «(HO p1 p) and(HO p p1) < (HO p p2).

Proof. This is a slightly longer calculation than the previous
proof and relies on the idempotence of error projectighs,
and the fact thap; o p, = p» o p1 whenp; andp, are both
error projections that only signal the same error. Equipped
with these equations, however, the theorem follows directly
from the definitionsO
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