Allocating Indivisible Goods

I[vona Beakow Varsha Dani

Abstract

Given k players, m indivisible goods and a valuation function on the set of the g oods for every
player, Lipton, Markakis, Mossel and Saberi propose the Max -Min Fairness problem: partition the goods
between the players such that the minimum value achieved by every player is maximized. We show that
for two players and additive valuation functions, the expec ted minimum of the (randomized) cut-and-
choose mechanism is a #2-approximation of the optimum. To complement this result w e show that no
truthful mechanism can compute the exact optimum.

We also consider the case when the algorithm knows the true additive valuations of every player. We
present a simple I=(m  k + 1) approximation algorithm which allocates to every playe r at least 1=k
fraction of the value of all but the k 1 heaviest items. We also give an algorithm which guarantees
every player at least the fractional optimum of the correspo nding linear relaxation, minus the largest
item. This approximation algorithm has additive error at mo st the value of the largest item. We conclude
with a 1=2 + " factor hardness of approximation result unless P = NP.

1 Introduction

Alice and Bob inherited a collection of artworks which they want to split in a fair manner. Alice really wants
the Rembrandt paintings and does not much care about the rest Bob values the only Picasso painting the
most but he would trade it for three van Goghs. He really dislkes the Rembrandts. In this case, since the
preferences are complementary, the best allocation is to gé¢ the Rembrandts to Alice and the rest to Bob.
However, if Carol enters the game with valuing the Picasso atwice the value of the van Goghs and with
no feelings towards the Rembrandts, the \fairest" allocation gives the Picasso to Carol, the van Goghs go to
Bob, while Alice keeps the Rembrandts, as depicted in the fébwing table.

Rembrandt Picasso van Gogh
Alice 1 0 0
Bob 0 1/2 1/2
Carol 0 2/3 1/3

In this case the players did not get an equal value: Alice got 1Carol 2=3 and Bob 1=2 fraction of their
respective total value of all the pictures. One could try to snooth this discrepancy by nancial means.
However, there are certain situations when such compensain might not be feasible, e.g. when the players
do not have the option of selling the goods and their originalassets are insigni cant. Throughout this text
we consider a world without money.

The problem. To phrase the problem in general terms, there arek people andm items and every person
has a valuation function on the set of the items. We mostly retrict ourselves to additive valuations where
the value of a set of items is equal to the sum of the values of # individual items. We want to produce
an allocation of the items to the players in a way that maximizes the minimum total value obtained by any
person. We formally de ne the Max-Min Fairness problem in Section 2.

The rest of the paper is divided into sections treating the caes where the valuation function is known
and maximal (Section 3), known and additive (Section 4), andunknown and additive (Section 5.1).

Omniscient algorithms. First we consider the case when the (true) valuations are gign to the algorithm
as the input, in other words the algorithm knows the completeinformation in the above table. In Section 3
we present a simple algorithm nding the fairest allocation in the case of maximal valuations. We call a
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valuation maximal if the value of a set of items is equal to the value of the most exensive item in the set.
This situation corresponds to a set of items of similar functonality such as airplane tickets where everybody
really needs only a single item of this type.

In Section 4 we use the algorithm for maximal valuations to oltain a 1=(m k + 1) approximation of the
optimal allocation for additive utilities. Iteration of a v ariant of this algorithm guarantees a 1=k fraction of
all but the k 1 heaviest items to every player. More precisely, every plagr gets a bundle that is at least
as good as getting evenk-th item, where the items are sorted decreasingly by their imividual values.

We also present an algorithm based on an integer rounding ofhte corresponding linear programming
relaxation, which allocates to every player the fractional optimum value minus the heaviest item. The
rounding technique is inspired by the work of Lenstra, Shmoy and Tardos [4]. They considered the makespan-
minimization problem when scheduling a set of jobs on unrelied machines. Their rounding method is based
on the insight that the graph underlying the fractional solution is a bipartite pseudoforest, which may then
be rounded to a matching. We use the same framework for the rspart of our rounding scheme. However,
since our problem is of an opposite nature (a maximization r¢her than a minimization), we need to round
the pseudoforest edges to a structure which has a matchingke behavior for one partition of the underlying
bipartite graph while in the other partition it behaves like an \anti-matching'. The novelty of our approach
lies in nding such a structure. We discuss the details in Setion 4.1.

We note that the two algorithms we exhibit for the additive va luations are complementary, in the sense
that for each algorithm outperforms the other on some inputs

Using an idea similar to that of Lenstra et al. [4], we prove that no approximation algorithm exists
for > 1=2 unlessP = NP. A linear factor approximation algorithm and a 1=2 + " hardness result were
obtained independently by Markakis and Saberi [6].

Mechanism design.  Section 5.1 deals with unknown valuations where the algorihtm does not get the
players' valuations as part of the input. In other words, the contents of the above table are hidden from the
mechanism. Instead the mechanism needs to elicit relevannformation from the players who might try to
play deceitfully. We present a randomized allocation procdure for two players, which achieves at least 2
fraction of the optimum for both players in expectation. Thi s result might not sound surprising. A trivial
algorithm ips a coin and with probability 1 =2 gives all items to the rst player, otherwise all the goods ¢
to the second player. Every player expects 32 value of the goods. However, the expected minimum is 0,
since the other player does not get anything. We want to avoidthis situation.

We say that a randomized algorithm for the Max-Min Fairness problem c-approximates the optimum, if
the algorithm guarantees that the expected minimum (as oppaed to the minimum of the expected values) is
within a c factor of the deterministic optimum. Our algorithm, a rando mized cut-and-choose mechanism, is
an expected F2-approximation, provided that the players play rationall y. However, full rationality requires
the cutter to solve an NP -complete problem. Fortunately this is not necessary. We povide a polynomial-
time algorithm for the cutter which, if both possible cutter s behave accordingly (or better), guarantees the
1=2 approximation of the optimum.

Our algorithms are not only polynomial time but can be e cien tly implemented.

1.1 Related Work

Lipton, Markakis, Mossel and Saberi [5] considered the prolem of allocating indivisible goods while minimiz-
ing the envy. For general valuations, they gave a nice appraxnation algorithm with an additive guarantee
against the optimum. Lipton et al. stated the Max-Min Fairness problem as an open direction.

In the case of known additive valuations, the Max-Min Fairness problem is a special case of a schedul-
ing problem where the completion time of any single machines maximized. Woeginger [10] and Epstein
and Sgall [3] presented polynomial-time approximation scemes for uniformly related machines. These re-
sults immediately translate to instances of the Max-Min Fairness problem where all the players have equal
valuations. Woeginger [11] gave a pseudo-polynomial algidhm for constant number of machines.

Other methods for fair division of a set of indivisible objeds appeared in the economic and political
sciences literature, see e.g. Brams and Taylor [2]. The goali ers somewhat from ours: the quality of
an allocation is measured in terms of equitability (did the players get the same utility?), envy-freeness,
and e ciency (no other allocation gives a larger utility to a Il players simultaneously). Probably the most
well-known method is the so-called adjusted winner procedre. It uses a monetary rebalancing in order



to satisfy the equitability, envy-freeness and e ciency conditions simultaneously. Other approaches were
inspired by the divisible counterpart of the problem, the fair division of a cake betweenk players (also called
cake-cutting), see e.g. Robertson and Webb [8]. Several megnisms provide a guarantee of 1=k for the
players who play rationally (not depending on other players actions). This divisible scheme can be applied
to the Max-Min Fairness problem when the number of items is lage and the items have a small value.

Moulin [7] considered a related problem wheram identical indivisible objects need to be allocated tok
parties, each of which speci es a request for a certain numlreof objects. He gave a proportional allocation
method and proved that it is the only fair method (in the sense of \Equal Treatment of Equals”, i.e., two
agents with identical claims should receive the same randorallocation) satisfying other desirable structural
invariance properties.

The above mentioned ideas are certainly inspiring and theirapplication to the indivisible Max-Min
Fairness setting is a subject for future research.

1.2 Paper Organization

The paper is organized as follows. Section 2 gives the formale nition of the Max-Min Fairness problem
and other preliminaries. In Section 3 we present an algoritim for maximal valuations. Section 4 deals with
additive valuations. In its subsections we discuss aZ(m k + 1) approximation algorithm with an absolute
guarantee for every player, an integer rounding of the corrsponding linear programming relaxation, and a
1=2 + " factor non-approximability result. We consider a game-theoretic perspective in Section 5.1, where
we assume that the mechanism does not have an access to the ¢#rwaluations. We analyze a randomized
mechanism which, if the players behave rationally, guarantées a ¥2 approximation of the optimum. We
conclude with several interesting open problems and dire@ns in Section 6.

2 Preliminaries

Now we are ready to de ne the problem formally.

General Max-Min Fairness Problem. There arek players and a setA of m indivisible objects. Player
i has a valuation function v; : 2* | Rg. The goal is to nd a partition Aj;:::;Ax of the goods which
maximizes the minimum value given to any player. Formally, we want to maximize min; v; (A;) over all
partitions Ajp;:::;Ax. We consider two dierent input settings. In the \ known valuations' setting the
algorithm is given an oracle access to thej's. In the opposite \unknown valuations' setting, the algorithm
asks the players directly for thev; values. This setting is conceptually more di cult, since th e players might
opt to lie in the hope of achieving a better split for themseles. We assume that the players do not know
anything about the other players valuations.

A general valuation function assigns a real number to every gbset of A. To describe such valuation
function, one may need to specify 2 numbers. Therefore we will work with restricted classes of aluation
functions. We call a valuation

P
additive, if foreachS A, vi(S)= ,,5Vi(x),
maximal, if for eachS A, v;i(S) = max x2s Vi(x).

Notice that the above valuation functions are induced by the valuesv;(x), x 2 A. Therefore we can take
advantage of the following representation of the input as a omplete bipartite graph. We create a weighted
complete bipartite graph with partitions corresponding to the set of people and the set of goods. An edge
(i;j ) is weigthed v; (j ). We will refer to this as the valuations graph

We will assume that the valuations are normalized, i.e., vi(A) = 1.

We denote the optimum value by OP T. We say that a randomized algorithm is anexpectedc-approximation
of the optimum if E(min; vi(A;)) cOPT.

3 Known maximal valuations

In this section we present a polynomial-time algorithm to nd a fairness maximizing allocation for known
valuations of maximal type. This problem is equivalent to the following matching problem applied to the



valuations graph of the Max-Min Fairness instance whereA is the set of goods andB is the set of players.

Max-Min Matching Problem.
Input: A bipartite graph G = (A [ B;E) and edge-weightsw : E! R (. Goal: A matching M E such
that

1. M coversB, i.e. for everyb2 B there existsa s.t. (a;b) 2 M,

2. minimum weight edge in M is as large as possible, i.e., for everi © covering B, mingm w(e)
MiNeo v o W(E).

Lemma 1. There is a polynomial-time algorithm for Max-Min Matching.

Proof. The algorithm works as follows: Choose a threshold and create an unweighted graphG; by omitting
edges inG of weight <t . Check whetherG; contains a perfect matching. ThenG has a max-min matching
t if and only if G; contains a perfect matching. We can now nd the optimal t by binary search. O

4 Known additive valuations

In the case of known additive valuations, nding a fairness maximizing allocation is NP -complete since the
SUBSET SUM problem is a special case for 2 players and identd valuations, i.e.,v;  v,. We present an
approximation guarantee of I=(m k + 1) where m is the number of items andk the number of players.
Moreover every player gets at least the value of everk-th item if items are sorted decreasingly by this
player's valuations. Inspired by the work of Lenstra et al. [4] we analyze an LP based algorithm with an
additive guarantee against the fractional optimum. Our algorithm gives a utility of at least the fracti onal
optimum minus the player's largest item to every player. We @nclude with a non-approximability result for
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Lemma 2. Max-Min Matching gives al=(m k+1) approximation to the Max-Min Fairness problem with
additive valuations.

Proof. Let OP T be the value of the optimal solution for a Max-Min Fairness instance with additive valuations
and let A; be the set of items allocated to playeri in the optimal solution. Without loss of generality, we
can assume that every person is allocated at least one objecDtherwise, the optimum is 0 which happens
if and only if the graph obtained from the valuations graph by deleting edges of 0 weight does not have a
matching of sizek. This can be checked in polynomial time.

Let x; 2 A; be the largest object in the i-th player's valuation. By the pigeon-hole principle v;(x;)
vi(A))FAijandjA;j (m k+1). We create a matching M °by matching up the i-th player with x;. Suppose
M is an optimum matching in the Max-Min Matching problem. Then min;yom Vi(j)  ming;yamoVi(j)
OPTHm k+1). O

Proposition 3. The above argument is tight, i.e. for each” > 0 there is an instance of the Max-Min
fair allocation problem with two players, for which the MaxMin Matching algorithm gives al=(m 1 ")-
approximation.

Proof. Considerm items and two players with valuation functions vy = (™-1—; -1-;0;0;:::;0) and v, =

e o T mmTZ)) respectively. Then the above algorithm assigns item 2 to myer 1 and item 1
to player 2, achieving a max-min value of%. On the other hand, the Max-Min value of players' utilities
is1 —L-. Thus the approximation ratio is ——, which tends to -5 = —4—— as" tends to 0. O

Note that, by the above example, we cannot achieve a better gproximation ratio by assigning the
remaining items to the players. However, we do get an absoleat guarantee if the input does not contain a
large item.

tion, i.e., vi(xij )  Vi(xij +1) for everyj. There exists a polynomial-tigle algorithm Whicl?bproduces arti-
tion of the goods such that each playeris guaranteed a value of at least . vi(Xix ) (1 }‘:11 Vi (Xij ))=k.
Moreover, the algorithm has al=(m k+1) approximation guarantee, wherem is the number of goods and

k is the number of players.



Before we prove the lemma, it will be advantageous to state a gneralization of the Max-Min Matching
problem.

Generalized Max-Min Matching Problem. Input: A bipartite graph G = (A [ B;E), edge-weights
w:E! R o, and vertex valuesv(b) 2 R* for everyb2 B. Goal: A matching M  E such that

1. M coversB, i.e. for everyb2 B there existsa s.t. (a;b) 2 M,

2. minimum weight edge inM , together with the value of the adjacent vertex, is as large a possible, i.e.,
for every M ° covering A, MiNapy2m W(A;0) + v(b)  mingapy2omow(a; b) + v(b).

Lemma 5. There exists a polynomial-time algorithm for the Generalied Max-Min Matching problem.

Proof. We will reduce the Generalized Max-Min Matching to the Max-Min Matching problem. Given an
input instance to the Generalized Max-Min Matching problem G, w and v, we create an instanceG, w° of
the Max-Min Matching by letting w9%a; b) = w(a;b) + v(b). Then the optimum solutions for both instances,
respectively, are identical. O

Proof of Theorem 4. We run the Generalized Max-Min Matching algorithm iterativ ely. We start with the
valuations graph of the Max-Min Fairness instance with player vertices valued initially at 0. After nding
the max-min matching M, we assign the goods irM to the corresponding people. We update the vertex
values to Vpew (i) = Voig (i) + w(i;j ) where (i;j ) 2 M and we erase the used itemsGpey = Goig NGoodgM )
where GoodgM ) is the set of goods covered byM . We nd the Generalized Max-Min of the new instance
and continue until the number of goods is less than people.

Since we use the original Max-Min Matching algorithm in the rst iteration, the 1=(m k + 1) approxi-
mation factor follows from Lemma 2. Notice that the rst Gene ralized Max-Min Matching always matchesi
with an item x;; wherej k. In general, the"-th Generalized Max-Min Matching matchesi with x;; where
] k™. The worst such allocation fori would be getting X for ~ = 1;:::;bm=kc. But xj, is the largest
item among x;; forj = k';:::; k(" +1) 1. Thereforei gets a value of at least (1 }‘:11 vi(xij )=k. O

Proposition 6. The statement of Theorem 4 is tight. In particular for any " > 0 there exist an instance of
the Max-Min fair allocation problem with additive valuations such that there exists a player whose allocation
assigned by the Iterative Generalized Max-Min Matching algrithm is of value < (1  u;)=k+ ".

Proof. Let the valuations be identical, with k 1 items of value Ek and nk + 1 items of value 1=(nk? + k)
each, so that their total value is 1=k. Then the above algorithm (assuming every iteration matche maximal
matching), gives value Ek+ n=(nk?+ k) to k 1 players, while the remaining player gets @ + 1) =(nk? + k).
This converges (for largen) to 1=k2. O

4.1 Linear Programming Relaxation

Another approach to solving the Max-Min Fairness problem isto formulate it as an integer program. Let
Xjj denote the indicator variable for \player i gets item j". Then x; 2 f0;1g. The constraints on the
program are that each item must be allocated exactly once andhat each player's utility must be at least as
much as the objective function. Thus the optimal allocation for the Max-Min Fairness problem instance is
the solution to the integer program:
X X
Maximize ! subjectto: x;; 2f0;1g;, 8j : Xjj =1 and 8i:! vi(j) Xij
i ]
We consider the corresponding linear programming relaxatin, which corresponds to allowing fractional
allocations, or in other words, being able to divide the good.
X X
Maximize ! subjectto: 0  x; 1 8§: xij =1 and 8i:! vi(J) Xi;
i i
Note that the optimal value of ! for the linear program, henceforth denotedFOP T, is at least 1=k where
k is the number of players. Moreover the optimal (fractional) allocation satis es the property that all players
in a connected component of the valuations graph receive theame total value.



Given a feasible solutionx = (Xij )1 i k1 j m to the above linear program, ptxi =(Xij )1 j m denote
the items allocated to playeri. By abuse of notation, we'll usev;(x;) to denote i Vi (i) xij , the utility to
player i from this allocation.

Theorem 7. Let® be an optimal (fractional) solution of the above program, wih FOPT; := v;(®;). Then
there exists an integer solutiony such thatv;(y;) max(0;FOPT; max; vi(j)). It follows that min; v;(y;)
max(0; FOPT max;; vi(j)). Moreover, y can be found in polynomial time.

We credit part of the proof of the above theorem to Lenstra, Simoys and Tardos [4] who used a similar
theorem in a di erent scheduling context. The Max-Min Fairn ess is a special case of a scheduling problem
on unrelated machines where the minimum machine completioriime is maximized. The opposite problem
of minimizing the maximum machine completion time (also caled makespan) has been extensively studied.
Lenstra et al. [4] provided a 2-approximation algorithm for unrelated machines, as well as a 43 " factor
non-approximability result if P 6 NP . Their algorithm is based on an integer rounding of the corrsponding
fractional solution. The novelty of our approach lies in the following lemma.

Lemma 8. Let G be a bipartite pseudotree, i.e., a connected graph of at mo$¥ (G)j edges. LetA and B
be the vertex sets 0G and let E be the edge set. Then there is a s& E such that for allj 2 A, S covers
j by exactly one edge, and for every2 B, S coversi by at leastdeg() 1 edges. This set can be found in
polynomial time.

Proof. First of all, note that a graph G is a pseudotree if and only if it has the property that it is either a
tree or a tree plus one edge. IiG°is the graph obtained by deleting from G a vertex of degree 1 together
with the (unique) edge incident with it, then GPis also a pseudotree. The following procedure constructs
the required setS E.

Case 1:G contains a degree 1 vertew 2 A. In this case let e be the edge incident withv. Let G° be
the graph obtained by removingv and e from G. Let S° E be the set of edges obtained by recursively
applying this procedure to G% (Note that if G°is a two vertex graph with a single edge, then we can
set S?to contain the single edge.) SetS = S°[f eg.

Case 2:G contains no vertices of degree 1 irA, but does contain a degree 1 vertexr 2 B. Note that
such a vertexv can a ord to have no edge incident with it in S. As before, letG°be the graph obtained
by removing v and its incident edge from G, and S° be the recursive solution forG% Then setS = SC

Case 3:G contains no vertices of degree 1. In this cas& could not have been a tree, so it must be a
tree plus one edge. Moreover, it must in fact be a cycle. (A tre always contains at least two vertices
of degree 1; the only way for a tree plus one edge to have no degr 1 vertices is if the tree had exactly
two degree 1 vertices and the extra edge connected these twin this case it is a cycle). Finally, since
G is bipartite, it must be an even cycle. Thus we can sefS to be either set of alternating edges inG.

This completes the proof. O

Proof of Theorem 7. Since the inequalitiesx; 1 are redundant, we havekm + k + m inequalities de ning
the polytope of feasible solutions of the linear program. There arekm variables x;; and one! . Supposex
is an optimal solution located in the \corner" of the polytop e. Therefore at leastkm + 1 of the inequalities
de ning the polytope are satis ed as equalities, implying that at most k+ m 1 of the variables are non-zero.

We de ne a bipartite graph G with partitions 1, the set of users, andJ, the set of goods. An edge;j is
included if ®;; > 0. We will show that G is a pseudoforest (each component is either a tree or a tree thi
an additional edge).

Let C be a connected component oG, let |¢;Jc be the corresponding partitions. Let®(®) be the part
of R restricted to C. Letus x 1 and® except for the variables fromC and let Lc be the linear program
restricted to variables de ned by C. We will prove that ®(®) is an extreme point of Lc. Suppose not, then
there exist feasible pointsy;y, in L¢ such that (y; + y»)=2 = (), Let z be a vector identical toX but
with ®(©) replaced with y;. Then z; is a feasible point of the original linear program and® = (z; + z,)=2, a
contradiction with its extremity.

Sincex(©) lies in the \corner" of Lc, by the above argument at mostjlcj + jJcj of the corresponding
variables are non-zero, i.e. there are at mosflcj + jJcj edges inC. Therefore C is either a tree or a tree
with one additional edge.



Using this structure and Lemma 8, we can roundR into (integer-coordinate) y as follows: For every
componentC of G let Sc be the set of edges de ned by applying Lemma 8 t&C. Let y;; =1 if and only if it
corresponds to an edge from arsc. Clearly, rounding y;; to 1 does not decrease the value for player and
since we round at most one edge incident to every player dowrotO, the player loses at most maxv;i(j). O

4.2 Why Two Algorithms?

In the preceding sections we have presented two approacheswards approximating the optimal solution to
the Max-Min Fairness problem. The guarantees of these two gorithms are of a di erent nature. Whereas the
rst approach, based on matching, gives a multiplicative guarantee, the linear programming approach gives
an additive guarantee against the fractional optimum, which is at least as good as (and often signi cantly
better than) the integer optimum. These algorithms are not comparable, in the sense that neither performs
consistently better than the other in all situations as the following examples demonstrate.

Example 9. Consider four items and two players with the following valuations:

O1 02 O3 o
Alice | 2/3 1/3 0 0
Bob |1/3 1/4 1/4 1/6

The matching algorithm allocates g, and g4 to Alice and g; and gz to Bob, resulting in a minimum value
of % The corresponding linear program actually has an integer ptimal solution in which Alice gets g; and
Bob gets the rest and they both get a value ofé.

Example 10. Consider ve items and three players with the following valuations:

O1 [27) ] 04 Os
Alice 1 0 0 0

Bob 0 1/3 1/3 1/3 0
Carol | O 0 0 1

where < % For this example, the matching algorithm nds the optimal s olution, which is to allocate
g1 and g, to Alice, g; to Bob, and g4 and gs to Carol, with a minimum value of % The linear program
produces the fractional allocation depicted in gure 1 the fractional edges depend on the exact value of.
Our rounding procedure then assignsg; to Bob, g; to Alice, gs to Carol, g, to Bob(!) and g4 to Carol,

resulting in a minimum value of . Since is arbitrary, this allocation could be very poor.

Alice Bob Carol

[T

gl g2 g3 g4 95

Figure 1: The LP solution. Grey edges denote fractional allocations.

4.3 Non-approximability

In this section we analyze a £2 + " factor hardness result under the assumptiorP 6 NP . The technique is
a minor modi cation of a reduction presented by Lenstra et al. [4].

Proposition 11.  There is no polynomial-time -approximation algorithm for Max-Min Fairness for > 1=2
unlessP = NP.

Proof. We present a reduction from 3-matchings. In the 3-matching poblem, the input consists of disjoint
setsX;Y;Z, each of sizen,and asetE X Y Z. The goal is to decide whether there existdM E of
sizen such that [ (xy.,)2m fX;y;2zg= X [ Y [ Z. This problem is known to be NP-complete.

For a 3-matching instance we create the Max-Min Fairness inwnce as follows. Every player corresponds
to e2 E, thus k = JEj. The items are X [ Y and a set of \dummy" items. For every z 2 Z there will be



mz = jf(x;y;z) 2E jx2 X,y 2 Ygj 1 copiesof dummies corresponding te, denotedd,; . (Without loss
of generality, we can assume thatm; > 0. Otherwise either there is noe 2 E incident to z, which is a clear
NO for the 3-matching, or there is a singlee 2 E incident to z and it must be included in M.) Therefore
m=2n+(jEj n). Player e = (x;y;z) has the following valuations: ve(x) = Ve(y) = 1, Ve(dz;j) = 2k=m;,
for everyj m;, and ve(x9 = ve(y9) = Ve(dyo;) =0 for every x°6 x, y°6 y, z°6 zandj mso.

Let OP T denote the optimum of the Max-Min Fairness instance. We clam that there exists a 3-matching
if and only if OPT 2. To see this, suppose there is a 3-matchin!. Then we can assign itemsx;y to
every (x;y;z) 2 M. For (x;y;z) 2 E nM we assign one of the dummiesd,;; . Since all of the dummies are
valued at 2 by the corresponding players, every player is given a value 2.

On the other hand, supposeOPT 2. There are at leastn people without a dummy in the optimum
solution. Every (X;y;z) without a dummy must get both x and y. This is possible if and only if the set of
no-dummy people is a 3-matching of the original instance.

Notice that if OPT < 2, itis indeed 1. Therefore having a -approximation for the Max-Min Fairness
for > 1=2 would imply a polynomial-time solution for the 3-matching problem. O

5 Unknown Additive Valuations

We now consider the case where the algorithm does not know thelayers' true valuations as part of its
input but must instead elicit information about them from th e players. Thus the task of nding an optimal
allocation becomes a mechanism design problem. In this séfty, one cannot assume that the players will
not try to cheat to their own advantage. Ideally, one would like a mechanism which forces all the players
to be truthful (by arranging the payo s so that revealing the ir true valuation is the players' best strategy).
Unfortunately, as the next example shows, no mechanism (detrministic or randomized) for the Max-Min
fair allocation problem can be truthful.

Example 12. SupposeM is a mechanism to compute a Max-Min fair allocation. Conside two players with
the following valuations for three items.

01 o2 O3
Alice | 2/3 1/3 0
Bob 0 1/2 1/2

M will allocate g; to Alice and the rest to Bob, giving Alice a utility of % However by declaring her

valuation as (%; %; 0) Alice can trick the mechanism into giving Bob only gz, and increasing her utility to 1.

In light of this, we would like to examine what can be accomplshed by mechanisms which elicit only
partial information about the valuations from the players. In the spirit of the classical cake cutting problem
of Banach, Knaster, and Steinhaus [9] we would like to have a mchanism that gives each player a guarantee
based on the information received from the player, such thatleceitful play always results in a worse guarantee
to the player, even if not a worse payo in every instance. Alo, we would like deceitful play by one player
to a ect the guarantees of other players as little as possibt. We would like the guarantee provided by the
mechanism to be as nice as possible.

As a rst attempt, we consider mechanisms that get no information from the players. This does not give
the players any opportunity to cheat. Consider the mechanisn that simply assigns all the goods to a single
player chosen uniformly at random. Then each player's expeed utility is 1 =k and hence the minimum
expected utility is 1=k. However the mechanism always gives nothing to all but one glyer. Thus the actual
minimum utility (and hence also the expected minimum utilit y) is always 0, which is rather unsatisfactory.

We can try to x this problem by assigning the goods at random, but having a separate lottery for each
item. Thus the mechanism throwsm unbiasedk-sided dice and thereby comes up with an allocation. Again,
by linearity of expectation, each player's expected utility and the minimum expected utility are 1=k. As the
following example shows however, this mechanism also doestrhave a very good guarantee on the expected
minimum utility.

Example 13. Considerk players andk items. Suppose for eachh, 1 i Kk, playeri's valuation is given by
vi(i)=1, vi(j)=0forall j 6 i. The optimal allocation is to assign each item to the unique payer desiring
it, so that everyone has utility 1. The randomized mechanismdescribed above achieves this allocation=lkk



of the time. The rest of the time it gives at least one item to a \wrong" player, so that the minimum utility
is 0. Thus, the expected minimum utility is 1=kk.

Thus, unless the players provide some information about thi& valuations, no reasonable guarantee can
be made for the the expected mininum utility.

In Section 5.1 we present a randomized mechanism for two plays which with some assumptions on
the players' strategies, gives an expectec%-approximation to the optimal allocation, while simultane ously
guaranteeing each player at least £2 of what they would have got in the optimal allocation. How to extend
this to more than two players is as yet unclear.

5.1 Two Players: Cut-and-Choose

In this section we investigate the cut-and-choose mechanis for two players. In the basic cut-and-choose
mechanism player 1 divides the goods into two parts, and plagr 2 chooses one of the parts. Player 1 then
receives the other part. Even in the case of divisible goodglayer 2 may have an advantage in this game.
We'll consider the more symmetric version in which the rst player (\cutter") is chosen by a fair coin ip.
(We do not assume that the players have the same valuations.)

We take the standpoint that each player wishes to optimize he worst case outcome against adversarial
play by the opponent. Thus the cutter's goal is to divide the goods as equally as possible. However, the
cutter's optimization problem is NP-hard by reduction from SUBSET SUM. With this in mind we introduce
the following notion of local optimality.

De nition 14.  We will call a partition ( S; T) of the goodslocally optimal for valuation v if moving a single
item from either side to the other does not decrease the dispéty of the partition, jv(S) v(T)j. Moreover
we require that whenever the disparity is positive, all items of zero value are on the smaller side.

We now observe that a locally optimal partition can be computed in nearly-linear time.
Proposition 15.  Given any valuation v, a locally optimal partition can be computed in time O(m logm).

Proof. Sort the goods in decreasing order of value. Iteratively asgn the most valuable remaining good
to the less valuable ofS and T, breaking ties arbitrarily. The sorting requires O(m logm) time, and the
assignments take onlyO(m) time. All that remains is to check that the resulting partit ion is locally optimal.

First note that if moving the smallest good on the bigger sidedoes not shrink the gap, then neither will
moving any other good. This smallest good;, was the last good to be added to the bigger side. Without
loss of generality, assumer(S) > v (T). Let Sp = Snfjg, andlet To T be those goods inT which were
allocated beforej. Then v(Sp)  v(Ty), or the algorithm would have assignedj to T. Thus

V(S) V(T)=Vv(So)+ v(j) W(T) V(So)+ v(j) V(To) V(i)
which implies movingj from S to T would not decrease the gap. O

Our main result in this section is that, assuming both players produce locally optimal partitions when
cutting and select the larger piece when choosing the randoired cut-and-choose mechanism produces an
allocation whose expected minimum utility is at least half the maximum minimum utility. Moreover, it
guarantees each player at least half what they would have regived in an optimal solution. Note also that
these guarantees are preserved if the players are truly ratinal, i. e., unhindered by computational constraints,
since the true optimal partition does satisfy the local optimality conditions.

Theorem 16. Let players P; and P, have additive valuation functionsv; and v,. Let Aj; A, be the optimal
allocation for these valuations, i. e., the allocation maxinizing min; v; (A;) and letOP T = min; v; (A;). Then,
assuming both players produce locally optimal partitionsthe randomized cut and choose mechanism produces
an allocation S;; S, such that

E minv(S) %OPT and for eachi  E (vi(S)) %vi(Ai)
|



Proof. Suppose playerP; cuts. Let (S;T) be the cut made by Py and let v(S) = 2 and vy(T)= 3+
Player P, may now choose either of the sets, an®; gets the other. Note that in this protocol P, is guaranteed
a utility of at least %, which is at least $v2(A»).

Case 1: P, choosesS. This means that v,(S) % Thus the allocation S; = T, S, = S satises

min; vi(S) 1. SinceOPT 1 we have minvi(S;)) $OPT in this case.

Case 2:P, choosesTl and jTj =1. This means that the single item j in T is valued by both players at
at least % In this case, the optimal allocation is to givej to the player valuing it more and the rest of
the items to the other player. The allocation S; = S, S, = T achieved by the mechanism is the same
as this optimal allocation whenv,(j) vi(j), and otherwise it is ipped, in which case min; v;(S;) 0.

Case 3:P, choosesT and jTj= m® 2. This means that v,(T) % Let j 2 T be the item that P
values least, so thatv;(j) (% + )=mC SinceP; cannot improve the split by moving j from T to S,

it follows that vi(j) or in other words, v1(j) 2 . These two inequalities, together with the
fact that m® 2 imply that 1.
We haveS; = S, S; = T and min; vi(Si)) = 3 . In order to show this is at least OP T it su ces

to show that OPT 1 2 . We will show this by contradiction. SupposeB1;B is an allocation in
which min; vi(B;) > 1 2. Then vi(B1) > 1 2 . SinceP; values every item inT at least 2 , it
follows that T  B;. But this means that B, S, so that vo(B2) V2(S) =1 vu(T) % <1 2

since % This gives the desired contradiction. In fact, the above agument shows that P; cannot
get more that 1 2 in the optimal allocation, so that we also havev;(S;) %vi (A)

By symmetry, all of the above holds if we switch playersP; and P,. In cases 1 and 3 we achievéOPT
and each player gets at least half what they would have in the ptimal allocation, regardless of who cuts.
In case 2 we achieve the optimal allocation with probability% and give each player something non-negative
otherwise. It follows that using an unbiased coin ip to determine who cuts gives an allocation with the
desired property. O

Note that the above analysis is tight: suppose there are fouitems that the players value at (%; %; 0;0)
and (0;0; %; %) respectively. Assuming that the players do not know each oher's valuations and that the
cutter makes a locally optimal cut, no matter who cuts, in the resulting allocation both players get utility
%. On the other hand, the optimal allocation gives both players utility 1.

6 Conclusions and Open Problems

We presented a linear factor approximation algorithm for the Max-Min Fairness problem with additive
valuations, and a corresponding hardness result of factor=2. We also analyzed a (deterministic) rounding
technique which obtains an integer solution with an additive guarantee against the fractional optimum. Can
randomized rounding be used to give a better-than-linear aproximation guarantee? To prove the hardness
result we reduced a knownNP -complete problem to the Max-Min Fairness problem. Can we gea better
non-approximability factor using Probabilistically Chec kable Proofs [1]?

We showed that the randomized cut-and-choose mechanism gié¢ an expected £2-approximation guar-
antee against the deterministic optimum for two players. Can we obtain an improved approximation factor
for two players? How can one generalize the two player mech&m for three or more players?
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