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ABSTRACT

Felleisen’s notion of context-sensitive term rewriting systems a flexible tool for specifying
operational semantics, but one that requires great care to use properly. We introduce PLT
Redex, a program for exploring context-sensitive rewriting systems as executable speci-
fications that makes using Felleisen’s systems easier and less error-prone and allows re-
searchers to apply software engineering principles to formal semantics systems. We also
present an operational semantics for RSRS Scheme encoded in PLT Redex that is to our
knowledge the first operational semantics for RSRS Scheme that covers the entire report
and the most complete formal encoding of the language’s semantics given in any style.
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CHAPTER 1
PLT REDEX

1 Since the late 1980s researchers have used context-sensitive term-rewriting systems as
one of their primary tools for specifying the semantics of programming languages. They
do so with good reason. Syntactic rewriting systems have proved to be simple, flexible,
composable, and expressive abstractions for describing programming language behaviors.
In particular, the rewriting approach to operational semantics described by Felleisen and
Hieb [9] and popularized by Wright and Felleisen [25] is widely referenced and used.

Unfortunately, designing context-sensitive rewriting systems is subtle and error-prone.
People often make mistakes in their rewriting rules that can be difficult to detect, much less
correct. In this paper, we show how we have addressed this problem: after a brief tuto-
rial on context-sensitive reduction semantics (section 1.1) and a history of its development
(section 1.2), we present PLT Redex, a domain-specific language for context-sensitive re-
duction systems embedded in PLT Scheme (section 1.3). We then present a new model
of the semantics of RS Scheme developed with and encoded in PLT Redex (chapter 2).
This semantics is to our knowledge the first operational semantics’lRBEScheme that
models all the language features the¢RS Scheme document’s formal semantics models,
and the most accurate formal semantics foRR Scheme with respect to its informal spec-
ification given in any style. We will assume that readers of this paper know some Scheme,
and some knowledge ofRS Scheme will be helpful but is not essential.

Before we discuss our results, it is useful to review Felleisen-style reduction semantics,
and so we turn to that now.

1. An earlier version of this chapter appeared at RTA 2004 [17].
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e u= eex|v|x

v o= Az.e
Az.e)v — elr:=1]

Figure 1.1: The untyped,-calculus as a rewriting system

1.1 Context-Sensitive Rewriting

The goal of any formal semantic system for programming languages is to present the rules
of a programming language mathematically so that interesting properties can be proved
about it. That is a broad goal, and there are many strategies for accomplishing it. One
slight refinement of the goal, called small-step operational semantics, is to define a mathe-
matical machine that describes what an idealized interpreter would produce when given any
particular program in the language. Context-sensitive rewriting for operational semantics,
usually called reduction semantics, is a way of realizing that goal.

Reduction semantics give meanings to programs by specifying rules for rewriting a pro-
gram into an equivalent program and applying those rules successively until the program
is in an irreducible form, which should be a final answer. For instance, a simple arithmetic
language might have two rules, one saying that a program that multiplies two numbers is
rewritten into the same program with that multiplication replaced by the numbers’ prod-
uct, and another specifying the same rule for addition. Then the term “3+4*7” would be
rewritten to “3+28” by the first rule and that term would be rewritten to “31” by the second.
No rewriting rule applies to the term “31,” but it is a number so it can be considered the
program’s final answer.

A programming language can be modeled the same way. Figure 1.1 shows a speci-
fication of the untyped\,-calculus as a reduction system. The first two lines define the
language’s syntax in the usual way: an expression is either an application, an abstraction,
or a variable reference. The last line is a specification ofitheelation, the rule that drives
computation in the\, calculus. It states that wherev@\ z. E') v) appears as a subterm
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e u= eex|v|x (1.2)
v on= Azx.e (1.2)
C == []|CelvC (1.3)
ClAz.e)v] — Clelx =] (1.4)

Figure 1.2: The\,-calculus with left-to-right evaluation

in any contextC', the entire term can be rewritten as the same context with the applica-
tion replaced by the abstraction’s body where all instanceshave been replaced by the
argument.

That specification models the puxg-calculus, but richer programming languages typ-
ically guarantee that terms are actually evaluated in a particular order. For instance, the
A-calculus-based languages Haskell, Standard ML, and Scheme all specify that the bodies
of functions that are never called never get evaluated, which makes some programs yield
values that otherwise would not. For that reason, systems for specifying programming
language semantics have some mechanism for codifying the order in which evaluations
take place. Context-sensitive reduction semantics gets its name for the way it handles this:
in addition to reduction rules, a context-sensitive reduction system can specify partially-
redundant parsing rules that decompose a term into a context and a subterm within it (called
the contractum) where a reduction can occur. Reduction rules can be specified to apply
only to terms that are divided this way, and can explicitly use the context and contractum
to determine how that term should reduce.

For example, to more accurately reflect the semantics of modeaiculus-based lan-
guages we should restrict the untypggdcalculus so that applications must be evaluated
left-to-right and computation never takes place within the body of an abstraction. To do
that, we can specify context-parsing rules that do not allow contexts to contain a hole
within a A-expression or an application in which a non-value expression appears to the left
of an expression with a hole in it.
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The system in figure 1.2 shows an encoding of those changes. It is identical to the
system in figure 1.1 except for the addition of a new grammar producipfor contexts.
Now instead ofC[(Az.e)v] matching an application anywhere in a term, the context in
which it appears must match that production with the contractum appearing in plgce of
With these changes, a term liKkaz.zz)(Ax.zx) still fails to terminate: by matching
it to C, it can be parsed into the empty context and a contractum that matches reduction
rule 1.4, which will act on it to produc@\z.zx) (Az.xz) again. However, consider the term
Ay.((Az.zz)(Ax.zzx)), which also fails to terminate under the purealculus. It cannot be
parsed using’' into anything but the empty context and the entire term, and by inspecting
all the reduction rules it's easy to see that none of them apply to that decomposition. On
the other hand, the tert\y.(A\z.xz)(A\x.zz))((Aq.q)(Az.2)) could be parsed into a context
consisting of A\y.((A\zx.zz)(Ax.zx)))[ ] and a contractum consisting 0fq.q)(\z.z), which
would reduce by rule 1.4 tQ\y.(Ax.zx)(Az.xx))(A\z.2) — that is, the same context with
(Az.z) in place of the hole.

1.2 History

In his seminal paper [20] on the relationship among abstract machines, interpreters and
the \-calculus, Plotkin shows that an evaluator specified via an abstract machine defines
the same function as an evaluator specified via a recursive interpreter. Furthermore, the
standard reduction theorem for\acalculus generated from properly restricted reduction
relations is also equivalent to this function. As Plotkin indicated, the latter definition is by
far the most concise and the easiest to use for many proofs.

Figure 1.3 presents Plotkin)s,-calculus. The top portion defines expressions, values,
and the two basic relationg{ andJ,). The rules below on the left are his specification of
the strategy for applying those two basic rules in a leftmost-outermost manner.

In a 1989 paper, Felleisen and Hieb [9] develop an alternate presentation of Platkin’s
calculi. Like Plotkin, they use,, andd, as primitive rewriting rules. Instead of inference
rules, however, they specify a set of evaluation contexts that correspond to the ones we
introduced in figure 1.2 with the notion that placing a term in the hole is equivalent to



DRAFT: December 8, 2004 5

e = (e9g[x[v (AX¥eV)—ex:=V] (8
v = Axe|f (fv)—dfy (60)
Plotkin Felleisen/Hieb
e e C=[0/wOI(C9
e—¢
__e—é€ if e— €, thenC[e] —
(e€')— (¢ €) Cl¢]
e—¢
(ve — (vE)

Figure 1.3: Specifying an evaluator f&y,

the textual substitution of the hole by the term [1]. The right side of the bottom half of
figure 1.3 shows how they specify Plotkin’s evaluator function with evaluation contexts.

While the two specifications of a call-by-value evaluator are similar at first glance,
Felleisen and Hieb showed that their specification was more suitable for extensions with
non-functional constructs (assignment, exceptions, control, threads, etc). Figure 1.4 shows
how to extend the system of figure 1.3 (right) with assignable variables. Each program
is now a pair of a store and an expression. The bindings in the store introduce the mu-
table variables and bind free variables in the expression. When a dereference expression
for a store variable appears in the hole of an evaluation context, it is replaced with its
value. When an assignment with a value on the right-hand side appears in the hole, the
let-bindings are modified to capture the effect of the assignment statement. The entire ex-
tension consists of three rules, with the original two rules included verbatim. Felleisen and
Hieb also showed that this system can be turned into a conventional context-free calculus
like the A-calculus.

Context-sensitive term-rewriting systems are well-suited for proving the type soundness
of programming languages. Wright and Felleisen [25] showed how this works for impera-
tive extensions of tha-calculus and a large number of people have adapted the technique
to other languages since.
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p = ((store(xVv)...)e)

e=---asbefore-- | (let((xe)e) | (setlx e
PC = ((store(xVv)...)C)

C=---ashefore-- | (let((xC))e) | (setlx C)

((letrec (Xg V1) ... (X2 Vo) (X3 V3)...) ((letrec (X1 V1) ... (X2 Vo) (X3 V3) ...)
Clx]) — Cl(set!xg v4)]) —
((etrec (Xg V1) ... (X2 Vo) (X3 V3)...) ((letrec (X1 V1) ... (X2 V) (X3 V3)...)
Clva]) Clval)

((letrec (X1 v1) ...) C[(let ((x2 v2)) €)]) —

((letrec (X1 1) ... (X3 Vo)) Cle[X2 := x3]]) if e— €, thenPC[e] — PC[€]

where xs is fresh

Figure 1.4: Specifying an evaluator fag

1.3 A Language for Specifying Context-Sensitive Rewriting

Context-sensitive rewriting systems are good for building complex systems, but large sys-
tems are still difficult to work with simply because it is difficult to remember every detalil
of a complicated structure or to identify every rewrite rule that could apply to a term as it
becomes large. To manage this complexity, we have developed PLT Redex, a declarative
domain-specific language for specifying context-sensitive rewriting systems. The language
is embedded in MzScheme [11], an extension ¥RR Scheme. MzScheme is particularly
suitable for our purposes for two reasons. First, as an extension of Scheme, its basic form
of data includes S-expressions and primitives for manipulating S-expressions as patterns.
Roughly speaking, an S-expression is an abstract syntax tree representation of a syntactic
term, making it a natural choice for manipulating program trees. Second, embedding PLT
Redex in MzScheme gives PLT Redex programmers a program development environment
and extensive libraries for free.

The three key forms PLT Redex introduces keguage reduction, andtraces(we
typeset syntactic forms in bold and functions in italics). The first,

(language(<non-terminal-name <rhs-pattern-...)...)

specifies a BNF grammar for a regular tree language. Each right-hand side is written in



DRAFT: December 8, 2004 7

PLT Redex’s pattern language (consisting of a mixture of concrete syntax elements and
non-terminals, roughly speaking). With a language definition in placeeth&tion form
is used to define the reduction relation:

(reduction <language- <lhs-pattern- <consequence)

Syntactically, it consists of three sub-expressions: a language to which the reduction ap-
plies, a source pattern specifying which terms the rule matches, and Scheme code that,
when evaluated, produces the resulting term as an S-expression. Finally, the function
tracesaccepts a language, a list of reductions, and a term (in Scheme terms, an arbitrary
S-expression). When invoked, it opens a window that shows the reduction graph of terms
reachable from the initial term. All screenshots in this paper show the outpaices The
remainder of this section presents PLT Redex via a series of examples.

1.3.1 Example),

Our first example is Plotkin’s call-by-valuwecalculus augmented with numbers and addi-
tion. In figure 1.5 we give its definition in Felleisen and Hieb’s notation on the left and in
PLT Redex on the right.

The A\, language consists of abstractions, numbers, applications, sums, and variable
references, and has only two rewriting rules. As figure 1.5 shows, the traditional mathe-
matical notation translates directly into PLT Redex: each line in the BNF description of
Ay’S grammar becomes one line ianguage The pattern \(ariable-exceptambda +)
matches any symbol excelpimbda and+. Thea-consistency of\, is maintained by the
rewriting rules, not the pattern matcher.

The reduction rules also translate literally into uses ofrdduction form. The first
reduction rule defines the semantics of addition. The pattern in the first argument to
duction matches expressions where a syntactic term of the {errmumber numbér is
the next step to be performed. It also binds the pattern metavari@aldlesumberl, and
number2 (identified by their textual representation as a nonterminal name followed by an
underscore) to the context ands operands, respectively.

The second subexpressionretiuction constructs a new S-expression where the addi-
tion operation is replaced by the sum of the operands, using Schenogsrator (humeric
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e=v|(ed|(+ed|x | (define),

V= (A (X) € | number (language(ev(e & (+ e 9 x)

C=]] (v (lambda (x) €) numbej
|(vO) | (C¥e (C hole
[(+vO)[(+C9 (vO)(Co

X € variables (+vC (+Ce)

(x (variable-exceptambda +)))

(reduction A,
(in-hole C1 (+ numberl number2))
c[(+ ny ng)] (replace(term C_1) (term hole)
— ¢[nj+ng) (+ (term numberl) (term number2))))

(reduction A,
(in-hole C1 ((lambda (x_1) e 1) v_1))
(replace(term C_1) (term hole)
(substitute(term x_1)
Cl(A (¥) e) V)] (term v_1)
— C[e]x :=V]] (term e 1)))))

Figure 1.5:)\, semantics

ene Reduction Graph

[i+ (+ 5 2) as) | [i+ 41 45| {{lambda (x) (% #))

((lambda (x) (+ (+ % 21 ®))
45)

(Llambda (x) (x =)))

Font Size
bV

12!

found 5 terms

Figure 1.6: Reduction of a simple, term and of(2

constants in S-expressions are identical to the numbers they represernit)-hhepattern

is dual to thereplacefunction. The former decomposes an expression into a context and a
hole, and the latter composes an expression from a context and its hole’s new content. The
term form is PLT Redex’s general-purpose tool for building S-expressions. Here we use
it only to dereference pattern variables. The second reductionguleises the function
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substituteto perform capture-avoiding variable substitutfoiSee figure 1.6 for an exam-

ple term that reduces to 92 (left) and a term that diverges (right). Arrows are drawn from
each term to the terms it can directly reduce to; the circular arrow attached fbttdren
indicates that it reduces to itself. By default, th@cesfunction evaluates 10 reductions at
atime and then pauses until the user presses the “Reduce” button, shown on the bottom left
of the window.

1.3.2 Example)g

Figure 1.7 contains PLT Redex definitions fog. The first reduction introduces a new no-
tational convenience: it uses an ellipses pattern to match the subpatternsaj and & b

v_b) any number of times including zetoWe use this feature here to select a distinguished
element of the store: the matcher attempts to matcto every variable in the store and

to the corresponding value, but can only succeed in that match if the pattern variable
which appears both in the store and in the expression, is identical in both places. Using the
same subscript on two occurences of a pattern variable constrains S-expressions matched
in the two places to be structurally identical, so the variable in the store and the variable in
the term must be the same.

In figure 1.7 we also seterm used to construct construct large S-expressions rather
than just to get the values of pattern metavariables. In addition to treating pattern variables
specially,term also has special rules for commas and ellipses. The expression following
a comma is evaluated as Scheme code and its result is placed into the S-expression at that
point. Ellipses in derm expression are duals to the pattern ellipses. The pattern before an
ellipsis in a pattern is matched against a sequence of S-expressions and the S-expression
before an ellipsis in &erm expression is expanded into a sequence of S-expressions and
spliced into its context. Accordingly, the first rule produces a term whose store is identical

2. Currently,substitutemust be defined by the user using a more primitive built-in form caidzbt We
intend to eliminate this requirement in a future version of PLT Redex.

3. We use baseline-level ellipses ) to indicate ellipses that literally appear in the program, and raised
ellipses (- -) to indicate elided code.

4. With the exception of ellipsis and pattern variabtesm is identical to Schemeguasiquote
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(define Ag
(language

(p ((store(x V) ...)e)

(e--- as before - -
(let((xe) €)
(setlx @)

(x (variable-except
lambda set! lef)

(PC((store(xVv) ...)EQ))
(EC- - - as before - -

(reduction Ag
((store(x.ava)... (xivi)(xbvb)...)
(in-hole EC1 x.))
(term ((store(x.av.a)... (xivdi) (xbvb)...)
,(replace(term EC_1) (term hole) (term v.i)))))
(reduction Ag
((store(x.av.a) ... (xiv_oold) (xbvb)...)
(in-hole EC1 (set! x_i v_new))
(term ((store(x.av.a) ... (xiv_new (x_bvb)...)
,(replace(term EC_1) (term hole) (term v_new))))
(reduction Ag
((store(x.av.a)...)
(in-hole EC1 (let ((x.i v_i)) e 1)))
(let ((new-x(variable-not-in(term (x_a...)) (term x.i))))

(set'x EQ) (term ((store(x.av.a) ... (new-x vi))
(let (x EQ) €))) ,(replace(term EC_1) (term hole)
(substitutgterm x_i) new-x(term e_1)))))))
Figure 1.7:\ g semantics
e ne Reduction Craph
((store) ((store (x1 0)) ((store (x1 5)) %>|::store (x1 5)) x1]|
(let ((x 0})) | ::1am1‘>da (y) x1) (2= ((lambda (y) x1) I
::;::tn?di é-ﬂ]:;(] (set! x1 5))) (lambda (x) x))) ((stora (x1 5)) 3)

acro

Figure 1.8: Reduction of a simple term

to the store in the term it consumed.

The final rule also introduces another PLT Redex funct@miable-not-in which takes
an arbitrary syntactic term and a variable name and produces a new variable whose name
is similar to the input variable’s name and that does not occur in the given term.

Figure 1.8 shows a sample reduction sequencesinsing, in order, det reduction, a
set!reduction, a3, reduction, and a dereference reduction.

1.3.3 Example: Threadetk

We can add concurrency fgg with surprisingly few modifications. The language changes
as shown in figure 1.9. A program still consists of a single store, but instead of just one
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8066 Reduction Graph

(definet-Ag ey
(language e | Ny
(p (letrec ((x V) ...) (threads e ..) || "%, (threads
(PC(letrec((x V) ...) TO)) i == O
(TC(threadse.. ECe...)) SR
--- as before - )

Figure 1.10: Multiple reduc-

Figure 1.9: Threadedg tions
(letrec ((x 1) (letrec ((x 1) (letrec (x Q))  (letrec ((x 2)
(threads (threads (threads (threads
(set!x (+x 1)) (set!x(+11) (set!x(+11) 2
(set!x (+x-1)))) (set'x(+x-1)))) 0) 0))

Figure 1.11: Interleaved evaluation

expression it now contains one expression per thread. In addition, each referdfiCe to
in the A g reductions becomeBC. No other changes need to be made and in particular no
reduction rules need modification.

To express non-determinism, PLT Redex’s pattern language supports ambiguous pat-
terns by findingall possibleways a pattern might match a term. Consider Tikevalua-
tion context in figure 1.9, which uses the selection idiom described in section 1.3.2. Unlike
that example, nothing restricts this selection to a particular thread, so PLT Redex produces
multiple matches, one for each reducible thread. faeeswindow reflects this by dis-
playing all of the reductions that apply to each term when constructing the reduction graph,
as shown in figure 1.10.

Owing to the possible interleaving of multiple threads, even simple expressions like the
initial term in figure 1.11 reduce many different ways and gaining insight from a thicket of
terms can be difficult. Accordinglyraceshas an optional extra argument that allows the
user to provide an alternative view of the term that can express a summary or just the salient
part of a term without affecting the underlying reduction sequence. Figure 1.12 shows a
summarized version of the reduction sequence of the initial term from figure 1.11. Rather
than the entire term, each box only shows the number valuetbe number of steps left to
take in the first thread, and the number of steps left to take in the second thread. With this
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ene Reduction Graph
(E:f]trreea(?d(;( l)) J.;Jl13\%};{0a3|§«>0:Jze\;|aal|§>|1aa|

(SEt!X(—FXl)) VI—LA]—‘ i;j;lll
(set!'x (+ x —1)))) EEEIN I—I G B g EE)
\2“]1 3 1|a>|2 3 0]z 2 of»f2 1 o]x1 0 0]

On the left, a threadells term and on the right, boxes containing
X's value and the number of subexpressions remaining in each thread

Figure 1.12: Reduction summary usitigces

summary, it is easy to see the possible reduction sequences at a high level without getting
swamped with the details of each step.

1.4 Experience

PLT Redex has been useful for research and for pedagogy. On the pedagogical side,
the University of Utah’s graduate-level course on programming languages introduces stu-
dents to the formal specification of languages through context-sensitive rewriting. Students
model a toy arithmetic language, the purealculus, the call-by-valug-calculus (includ-

ing extensions for state and exceptions), typezhlculi, and a model of Java. In the most
recent offering of the course, Matthew Flatt implemented many of the course’s reduction
systems using PLT Redex, and students used PLT Redex to explore specific evaluations.
Naturally, concepts such as confluence and determinism stood out particularly well in the
graphical presentation of reduction sequences. In the part of the course where an interpreter
for the A-calculus was derived through a series of “machines,” PLT Redex was helpful in
exposing the usefulness of each machine change.

As a final project, students implemented context-sensitive rewriting models from recent
conference papers as PLT Redex programs. This exercise provided students with a much
deeper understanding of the models than they would have gained from merely reading the
paper. For a typical paper, students had to fill significant gaps in the formal coatgnt (
the figures with grammars and reduction rules). This experience suggests that paper authors
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could benefit from creating a machine-checked version of a model, which would help to
ensure that all relevant details are included in a paper’s formalism.

In research, we found PLT Redex’s visualization features useful for understanding the
workings of language models and in helping us quickly discover bugs in them. We used
it to develop the RRS Scheme operational semantics we present in chapter 2 and found
it invaluable: on numerous occasions a few minutes with the visualization tool exposed
problems that might have taken us hours to find otherwise, if we found them at all. For
instance, we took our semantics fdy; through several revisions before settling on the
form we present in section 2.4 and were able to quickly test and find flaws, make simplify-
ing changes, and verify our intuitions by visualizing the reduction chains our draft systems
induced on several example terms. While of course we do not know definitively how much
time we saved and how many bugs we avoided by using PLT Redex instead of doing with-
out tools, we suspect we saved considerable time with this approach due to the fact that
many of our drafts contained subtle bugs that even knowledgable readers did not catch.

Another significant advantage of developing our reduction systems in PLT Redex was
that since PLT Redex is a language embedded in PLT Scheme we could script PLT Redex
execution and write test suites for our language models. This ability proved invaluable
to our development effort. It seemed that every time we changed anything, everything
broke — when we made changes to the model, we frequently made mistakes ranging from
misspellings to misunderstandings of the ways features could interact that would break
seemingly unrelated parts of the model. Having a quick way to see whether the system
as a whole still worked when we modified or added a feature was a tremendous help.
Furthermore, since the testing harness was just Scheme code we wrote we were able to
modify it to check for custom error conditions that a prebuilt toolkit might not have been
able to detect. For instance, we quickly discovered a problem with some of our models in
which our specifications of grammar rules could accidentally find multiple ways to parse
a term into the same context and contractum; when that happened it would slow the tool
down because it had to consider the same decompositions multiple times, and in some cases
this led to a substantial speed and memory penalty. We rectified the situation by extending
our test harness to signal an error when a term reduced to the same result twice.

Of course PLT Redex is not an automated theorem prover and it does not prove anything
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about the systems it works on. But in our experience having the ability to normalize terms
in a language combined with visualization and scriptable testing dramatically improved our
confidence in the systems we developed.



CHAPTER 2
A REDUCTION SEMANTICS FOR SCHEME

In this chapter we present an operational semantics for Scheme. We modelRge R
Scheme programming language [15] at the same level as the denotational model presented
in the Report. We will describe several of its most interesting features by showing smaller
calculi that isolate those features within a simpler context.

We model RRS Scheme using a modified version of oy system (we could also
say we start with Felleisen’s, — C'S calculus [8], which is roughly\g plus call/cc).
Every term in our model carries at its outermost level both a program and a store that maps
names to values. Owing to®’RS Scheme’s relatively rich set of features compared to the
A-calculus, the RRS Scheme model uses more rules for decomposing a term into a context
and a contractum than the; model. Fortunately, though, those rules are straightforward
extensions with the exception of our extensions to model unspecified application order
(section 2.1), equality-testing (section 2.3) and multiple-valued expressions (section 2.4).
We leave presentation of our entiré S Scheme semantics to appendix A.

2.1 Unspecified application order
In evaluating a procedure call, th€ RS document deliberately leaves unspecified the order

in which arguments are evaluated, but specifies that [15, section 4.1.3]

the effect of any concurrent evaluation of the operator and operand expressions
is constrained to be consistent wgbmesequential order of evaluation. The
order of evaluation may be chosen differently for each procedure call.

In the formal semantics section, the authors explain how they model this ambiguity:

15
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[w]e mimic [the order of evaluation] by applying arbitrary permutatioper-
mute and unpermute . . to the arguments in a call before and after they are
evaluated. This is not quite right since it suggests, incorrectly, that the order
of evaluation is constant throughout a program. [15, Section 7.2].

Our rules, in contrast, capture the intended semantics using nondeterminism to select
the argument to reduce.

In our first attempt to model this feature, we alteredXlgdanguage from section 1.3.2
so that evaluation contexts could flow into any subexpression of an application using the
rule EC' = (FE --- EC E ---). This strategy does not work, as we saw when we modeled

the resulting system in PLT Redex: we quickly discovered that terms like
(letrec ((b2 1))

((set'b2 (— b2))
(set! b2 (— b2))))

reduced in surprising ways, as figure 2.1 shows. This program should always reduce to
the application of some unspecified value to some other unspecified value with the value
of b2 set tol in the store: no matter which subterm of the applicatiaetl(b2 (— b2))

(set! b2 (— b2))) is reduced first, the result should be tlh&tis negated twice. But our
model allows other interleavings. The problem is that the evaluator could interleave stepsin
multiple subexpressions to produce an outcome that could not be reached by any sequential
ordering.

With that in mind, we developed a more sophisticated strategy that captures unspecified
evaluation order without allowing nonsequential orderings. Figure 2.2 shows the neces-
sary revisions to\¢ to support RRS-style procedure applications (the full rule fotRes
Scheme appears in the appendix). The basic idea is to use non-deterministic choice to pick
a sub-expression to reduce only when we have not already committed to reducing some
other subexpression. To achieve that effect, we introduce the non-teriménéland the
notion of a marked expression, denoted with éhsuperscript. Marks identify a chosen
expression: only marked expressions may be reduced, and only one reducible marked ex-
pression may appear in any application at one time. :klaet production stands for terms
in which evaluation may not occurge. unmarked expressions (those expressions we have
not tried to evaluate yet) and marked values (those expressions we have already reduced all
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(letrec ((b2 1))
((set! b2 (- b2))
(set! b2 (- 1))))

(letrec ((b2 -1))
(unspecified
(set! b2 1)))

(letrec ((b2 -1))
(unspeci fied
(set! b2 (- -1))))

(letrec ((b2 -1))
(unspecified
(set! b2 (- b2))))

(letrec ((b2 1))
((set! b2 -1)
(set! b2 (- b2))))

(letrec ((b2 1))
(unspecified
unspeci fied))

(letrec ((b2 1))
((set! b2 (- b2))
(set! b2 (- b2))))

(letrec ((b2 -1))
((set! b2 (- b2))
unspeci fied))

(letrec ((b2 1))

(set! b2 -1)))

((set! b2 (- b2))

(letrec ((b2 -1))
((set! b2 (- -1))
unspeci fied))

(letrec ((b2 -1))
((set! b2 1)
unspeci fied))

(letrec ((b2 1))
((set! b2 -1)
(set! b2 (- 1))))

(letrec ((b2 -1))
(unspecified

(set! b2 (- 1))))

(letrec ((b2 -1))
(unspeci fied
(set! b2 -1)))

(letrec ((b2 1))
((set! b2 (- 1))
(set! b2 (- 1))))

(letrec ((b2 1))
((set! b2 -1)
(set! b2 -1)))

(letrec ((b2 -1))
(unspecified
unspeci fied))

(letrec ((b2 1))
((set! b2 (- 1))
(set! b2 -1)))

(letrec ((b2 -1))
((set! b2 (- 1))
unspeci fied))

(letrec ((b2 -1))
((set! b2 -1)
unspeci fied))

(letrec ((b2 1))
((set! b2 (- 1))
(set! b2 (- b2))))

Figure 2.1: Interleavings possible with an erroneous unspecified-application-order model

v | E
(inert --- EC® ---)

nert =

EC =

PCl(@nerty - -- €--- inerty,)]
PCI(A (1 -+ X,) €% 07 -+ v})]

Figure 2.2: Reduction rules for unspecified application order

—  PCl(inerty - - - €® - - - inert,)]
—  PCle[z1 -+ xpn i=v1 -+ - U]

the way to values). We also add a reduction rule that marks an arbitrary unmarked expres-
sion in an application on the condition that every other expression is inert, and we modify
[y to apply only to fully-marked applications.

In addition to modifying evaluation contexts to add marking machinery and modifying
the 3,-reduction rule to expect fully-marked applications, to mod&RR Scheme we also
modify the rules for the core built-in functions so that they can be reduced only when fully
marked.

Figure 2.3 shows how this new system evaluates the term that our first attempt did not
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Figure 2.3: Evaluation in the unspecified-application-order model

evaluate correctly. That figure bears some explanation: the initial term,
(letrec ()

((lambda (x)
((set!'x (— x))
(set!'x (— x))))
1)

appears in the center. That term is an application, so it could evaluate the first argument
to the application (the\-expression) first, corresponding to the upward reduction from
the first term, or it could evaluate the constant 1 first, corresponding to the downward
reduction. From there it must evaluate the other argument, and in this case evaluation order
does not matter so the two reduction paths converge. After that, the term can split again in



DRAFT: December 8, 2004

19

(letrec ((x v) ---) €)
(€™ em -1

(let ((x €)) e)
(set'z e)

ele®

A(@--)e)

(letrec ((z v) ---) C)
[]

(inert --- C*® inert - - -)

|
I (let ((z ) e)
|

<
I

o)
Q
I

(set!'z C)
(beginC ey | ey)

mert =
PC|(inert - -- e inert - - )]
PC((A(z--)e)*v® )]

PC|(beginv ey ez - )]

PC(begine)]

(letrec ((z1 v1) - - ) C|(let ((z; vs)) €)])
(letrec ((v1 v1) - -+ (@ v;) - - -) C[(setl x; v})])
(letrec ((z1 v1) - - -) C[(set! z; v})])

v e

L A A A

PC|(inert - -- e® inert - )]
PC[E[x---Jv---]] | error
PC|(begine; ey - - )]
PCle]

(letrec ((zy v1) - - - (25 vi)) Cle[xi]/xi]]) (] fresh)
(letrec ((z1 v1) -+« (z; v)) -+ ) Cv])
error (xz; notin{x---})

Figure 2.4:\,, a language with assignment and unspecified application order

choosing whether to evaluate the fisgt! first or the second; the upward reduction from

leftmost term in the center of figure is the path in which the §edtis reduced first and the

downward reduction shows the opposite path. In both cases, there are two applications to

be evaluated (the negations) and each branches off into two a left-first and right-first path

and then converges after all expressions have been marked. The whole system eventually

converges in the rightmost term at the center of the figure with the stored valuesjafl

to 1 in all cases, as intended.



DRAFT: December 8, 2004 20

2.2 Progress for unspecified evaluation orders

Figure 2.4 shows the entire language we described in the previous section, which we will
call A\j,. One might suspect that the Church-Rosser diamond property holds, feven
though any individual term may reduce in various ways, and figure 2.3 lends credence to
this suspicion. However, in fact, does not have the diamond property. The following

program shows the idea:
;; select-one : X Y— X UY

(defineselect-one
(lambda (a b)
(let ((ans(lambda (dummy dummy))
((lambda (x y) ang
(set'ans 9

(set'ans ))))

The functionselect-ondakes two values andb and returns one of them arbitrarily,
making use of the fact thainswill be assigned td if the arguments to the application on
the last three lines are evaluated left-to-right and will be assignadftthose arguments
are evaluated right-to-left. That function indicates that we cannot even make the weaker
claim that if a ternmt reduces to a value when arguments are reduced one way thences
to somevalue (rather than reducing to an error or diverging) under all possible orderings.

This makes it clear:
pcal-one: & X)(—=Y)—=XUY

(definecall-one(lambda (t; to) ((select-oneitts))))

The call-onefunction calls one of its two argument thunks. Since the two thunks are
unrestricted, it will only be a coincidence if an applicatiortafi-onehas the same behavior
under any evaluation order.

So we cannot prove the usual progress theorem (that any term any term either reduces
to a unique answer or continues to compute forever)\fer Instead we will prove the
weaker result that no term ever gets stuck. More formally:

Theorem 2.2.1Vt, t' € A\pp.closed(t) Nt -t =t €aVv It — 1.
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Before we are prepared prove this theorem, we need the result that if a term reduces, any
larger term that includes it in an evaluation context also reduces. Here and in the rest of this
paper, we will use the metavarialjgo represent “progress terms”, meaning either terms
in the language or error terms (error terms are represented by teertagin the present
semantics they can only arise from unclosed terms, but in later semantics more interesting
runtime errors are possible), and we will uséo represent answer terms, meaning terms
recognizable as valuksr error terms.

Lemma 2.2.1 (context-stacking)vt,t; € A If t = (letrec ((x1 vy) ---) Cq[t1]) and
(letrec ((z1 v1) - --) t1) — p' thenIp.t — p.

Proof By the structure o€"s productions, all contexts must have the shape

Observe that all reduction rules i, are of the form letrec ((x v) - - -) C[patternq]) —
patterny. S0, sinceletrec ((x v) - - -) t1) reduces, it must be possible to decompgsato
a contextCy and a contractunt, and furthermore for any other conte§, (letrec ((z v)
-++) C5[t}]) reduces.

Such aCs must exist.C' [t1] = C1[C2[t]]], andCy[Co[ ]] is a legal context: the chain
formed byC; necessarily ends with the productiGh— [ | and the chain formed b5
is necessarilyC' — --- — C — [], soC’s final production could produce the head of
Cy's production chain rather thgn and still be a legal production sequence. If we take
this composed chain to &}, C1[t1] = C5[t}] and sinceletrec ((x v) - - -) C5[t}]) reduces
C1]t1] reduces as welld

Lemma 2.2.2 (closedness-preservationyt € \j». If ¢ is closed andt — ¢’ thent’ is
closed.

1. Following Felleisen, we do not require that an answer term actbeléyvalue, only that it be recog-
nizable as the final result of the program.
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Proof By reduction rule cases. Obvious in all cases.

We can now prove the main lemma we will need, that every term reduces in one step to
another term or an error.

Lemma 2.2.3Vt € \j». If t is closed thedp.t — p or t = (letrec ((x1 v1) - - -) v) for some

V.
Proof By induction on the structure af, wheret =(letrec ((z1 v1) - --) t').
1. If ' = v for somev, the theorem holds trivially.

2. Ift/ = (E7 E§ - - ), then there are several subcases to consider.

(a) Ifall E™ subterms are of the forn®, thens-reduction or an error rule applies.

(b) If there is some marked non-value expression subterm, then by the induction
hypothesis that term reduces in the current store. Then by the definition of
and lemma 2.2.1 reduces.

(c) Otherwise, there must be no marked non-value expressions and at least one
non-marked expression, so the expression-marking reduction applies.

3. If ¢ = (let ((z E1)) E»), there are two possible cases. Hf is a value, then the
let-reduction applies to it. I1f£; is not a value, then by the induction hypothesis it
reduces and so by definition 6fand lemma 2.2.1 reduces.

4. Ift' = (beginEq Ey ---), then:

(a) If #F9 = 0then the rule takingdegin £) to E applies (here and subsequently,
the notation# NT; will refer to the length of the sequence matched\iy/; in
the appropriate pattern).

(b) If #F> # 0 andFEq is a value then the rule takingéginv E1 E» - - -) to (begin
E1 Ey -- ) applies.

(c) Otherwise, by induction hypothesig reduces and so by definition 6f and
lemma 2.2.% reduces.
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5. If ¥ = (set! v E), there are two subcases to consider.Elfis not a value, then
by inductive hypothesi#’ reduces and then by definition 6f and lemma 2.2.1
reduces. If£' is a value, then one of the tvaet-reductions applies.

That exhausts all possibilities fof, so the lemma holdsJ

Now we can prove theorem 2.2.1. Here and subsequently, we will use the metavariable
a to represent “answers”, either values or error terms.
Proof Since— is closedness-preserving by lemma 2.2.2 and all closed terms either reduce
or are answers by lemma 2.2t3must either reduce or be an answer.

2.3 Mutation and the store

To implement mutable bindings we take the approach used in Felleisen and Hieb’s orig-
inal paper [9] and introduce a top-level store that associates names with values as in the
Ag language presented in section 1.3.2. However, that language only allows mutation of
bindings. RRS Scheme, like most languages, allows structured values to be mutated as
well. We model mutable structured values by defining their constructoesg—the cons
function — not as syntactic constructors (as we do with immutable values such as numbers)
but as reducible expressions that reduce to a fresh store variable that is bound in the store to
an appropriate value. We model mutations to those values in the obvious way: performing
set-car!on aconscell in a given context becomes an unspecified value placed in the same
context modified with the the mutation applied to the namedZell.

It may be surprising to see that in addition to bindings and pairs, #fRSRScheme
model also moves closures into the store upon evaluation, since closures are not mutable
in R°RS Scheme. The reason we do that is so we can motdRSRScheme’gq?feature
accuratelyeg?is a constant-time comparison function that tests for equality of two values
that relies on “pointer equality” to determine the equality of functions. (Technically the

2. With this change made, we could have done away with binding pointers altogether by introducing a
new conscell to hold the value for each binding and turning instancesetifinto instances o$et-car! but
we felt the method we used was a more direct modeld®2 & Scheme.
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R°RS Scheme specification requires tegP returns#t when given pointer-equal values
but does not require that pointer-unequal values cag&do return#f;, we ignore that
possibility here.)

2.4 Multiple return values

The PRS Scheme language provides a facility for expressions to evaluate to multiple or no
values rather than just a single value. To model that feature, the report’'s formal semantics
alters continuations so that instead of being functions that map a single value to a final
answer, they become functions that map an arbitrary number of values to a final answer.
However, with the exception of those createddayl-with-values no continuations should
accept any number of values other than one. To ensure that, the formal semantics makes
heavy use of a helper function callethgle that performs the check in every appropriate
place — in the argument positions of an application, in the test clause ibfstatement,

and so on. Rather than allowing only a single value by default and explicitly specifying
exceptions to the rule as in the informal semantics, the formal semantics implicitly allows
any number of values and the equations for each feature must impose extra constraints
where only a single value is allowed. This strategy works, but does not mesh well with the
informal semantics’ intention.

This impedance mismatch may have been the cause of a subtle bug in the formal seman-
tics. The RRS Scheme informal semantics mention that “except for continuations created
with the call-with-valuesprocedure, all continuations take exactly one value” [15, section
6.4], but the formal semantics does not enforce this restriction on sequences of expressions
that are evaluated for effect, such as non-final body subexpressions insieepaession.

For that reason, the two definitions of Schemaegjin expression form given in the Re-
port [15, section 7.3] are subtly incompatible with each other: the first requiresotgin(
(value9 1) be an error, and the second requires that it not be.

Our semantic model captures the difference between contexts that accept multiple val-

ues and contexts that reject multiple values more directly. Our strategy is distilled in

3. The working draft of the RS declares that intermediate expressionsggin statements may return
multiple values, which will render this issue moot wheRS becomes final [6].
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E = (EE---)|x|v]|(apply-valuesE E)

v = (A(z---) E)|values

Cy == []o|C

C, == [|«|C

C = [le|(w---Ci1 E--)| (apply-valuesC; E) | (apply-valuesv C.)

C1[(apply-valuesvy (valuesvgrg - - -))]e —  Ci[(vf varg - - )]

Ci[((N (1 -+ zp) E)v1---vp)]e —  C1[E[x1---xp/v1 - v
Cl(A (@1 2p) E) v1 - vp)]e —  error (n # m)

C[v]« —  (C1[(valuesw)]
C1[(valuesv)], —  Cq[v]

Cq(valuesv - - )]s —  error (#v # 1)

Figure 2.5:)\ 5, a\,-like language extended with multiple-value expressions

(figure 2.5). The\,s language modelg, extended in three ways: first, it allows func-
tions of arbitrary arity. Second, it addsvaluesform that represents multiple values and

can be used as a higher-order function that produces multi-value results. Third, it adds
a new syntactic fornapply-valuesthat accepts a function and any number of values and
calls the function with those values as arguments. These new features are slightly different
from the features BRS Scheme provides: °"RS Scheme does not definpply-values
instead specifying a functiocall-with-valuesthat evaluates its first argument as a thunk
and applies the values it produces, in order, to its second argument as a function call. We
useapply-values here because it clarifies the model and the two forms are are trivially
interdefinable (we could writecéll-with-values thunk)as @pply-valuesf (thunk) and
(apply-valuesf vs-expj as gall-with-valueglambda () vs-expj f) if necessary). We will

revisit call-with-valuesin section 2.6 and the appendix.

To model a language with multiple return values we introduce a modest generalization
of the formalisms we have used so far in this paper that allows us to mix different kinds of
evaluation in the same system. We extend the notation so that holes now have subscripts
and the context-matching syntéa¥z] now takes the fornt’[x]; wherei matches the sub-
script of some hole. All holes regardless of subscript still match any term, but subscripted
reduction rules only apply to a term decomposition if the hole used in that decomposition
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has the appropriate subscript.

Figure 2.5 shows how to use this generalized formalism to model a language with mul-
tiple return values. The language; is the usual call-by-valua-calculus extended in
three ways. First, it allows multiple-argument functions and applications. Second, it adds
a specialvaluesfunction that returns all of its arguments. Finally, it adds the new syntax
apply-values which allows a programmer to apply a function to the values produced by
an expression.

The interesting aspect of this model is how we have structured the evaluation contexts
and reduction rules. Look at the definition of the nontermitigdnd the reduction rules
subscripted with the (pronounced “either”) symbol. If you ignore the subscripts, these
pieces themselves form a language witheduction and aapply-valuesform, and aval-
uesform. The only problem is thapply-valueshas a reduction rule that only allows it
to reduce if its second argument ivaluesexpression, but there is no guarantee that one
will appear there. Similarly, thg-value reduction expects a function to be applied to a
list of single values; if avaluesexpression appears as an argument the term will be stuck.
Normalizing a subterm in an application should yield a different result than normalizing
the same subterm in the second position odpply-valuesexpression.

To address this problem, we could identify each separate position in which a single
value is expected and add a reduction that conveaisiésv) to v and {alueswvy vy - - -) Or
(valueg to an error. Similarly we could add rules for every position that expects multiple
values that converted to (valuesv). That strategy is roughly speaking the one taken in
the PRS Scheme formal semantics. Instead we introduce the notiopfcantext that
expects a single value and’a context that expects multiple values. Looking at the rules
in figure 2.5 again, notice that the key distinguishing featuré'pfs thatC; can match
[ ]o directly whereas”, andC cannot. The two rules that apply only to terms that match
[ ]o are “demotion” rules that convert\alues expression to a value or an error. Thus,
matching a term to &'; context guarantees that it will normalize to a single value, not a
multiple-values expression (if it reduces to normal form at all). The opposite is triig: of
since the single rule that applies to a term in.ahole “promotes” single values t@mlues
expressions, matching a term t@’a context guarantees that if it has a normal form it will
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be avaluesexpression rather than a single value. Theontext makes no such distinction:
terms can normalize to a single value or to a values expression.

This way of modeling RRS Scheme’s multiple-values feature has a major advantage
over the method the ARS denotational semantics uses. Instead of spreading the rules for
dealing with multiple-values appearing in a single-value context throughout the semantics
(the RRS Scheme denotational semantics usesgle function eight times to restrict a
continuation to accept only one argument), the semantics presented in figure 2.5 distill
all rules related to multiple values into a single rule for identifying contexts that should
receive them and three reduction rules explaining how to convert multiple values to single
values and vice versa. No matter how many more features we add to the language, as long
as those features do not concern multiple values we will not have to think about multiple
values when we model them.

One could legitimately worry, though, that the advantage we gain using this modeling
technique is outweighed by correspondingly harder proofs of properties af,shaodel.

We have some evidence to suggest that worry is unfounded. In the next section, we present
a proof that all closed s terms make progress. Our proof isolates the effects of multiple
holes and multiple contexts and avoids considering reductiod% inontexts separately

from reductions irCx contexts.

2.5 Proof of progress for\

In this section we show that,; always makes progress, in other words that our strategy
for encoding values is not hopelessly incorrect.

Unfortunately, we will need a little machinery before we are prepared to prove the
main theorem. Our extension introduces a new context in which the fundamental notion of
irreducible terms changes. We have kept the rule that the end result of a computation should
be a single value rather than a multiple-valued expression, but that decision is arbitrary:
most Scheme systems, for example, allow a complete program to evaluate to any number
of values and display them all as results (though this may technically violate®R& R
Scheme specification). Though the decision is arbitrary, we have scattered its implications
throughout)\,s’s definition by specifying that each reduction rule lasrather thanC,



DRAFT: December 8, 2004 28

as the context in which it applies. This will make it difficult to prove the result we want
to prove, so we will need a little development to show that we can legitimately Great
contexts ag’, contexts and vice versa (except when the term in question is a value or a
values expression).

Definition 2.5.1 The notation\,,[Cx| refers to the language formed by replacing the
contexts of the left-hand sides of all reduction rules in the definition,ofo C, contexts.

We mentioned above that the choice to have all programs finally produce a single value
was arbitrary; we will use ,s[C] to represent the other choice we could have made, where
all programs finally produce a multiple-values expression. In an effort to use consistent
notation and as visual reminder when we are talking about evaluations that should produce
a single value, we will refer ta,; as\,s[C1] for the remainder of this proof.

Definition 2.5.2 The notationt 5 ' for = € {C4, Ci} will mean that the term reduces
in one step ta’ in Ay |z].

With that notation, we can prove that if a non-answer, non-multiple-values term is re-
ducible in one language, it is reducible in both. (In this and all subsequent statements, we
will assume where appropriate thas closed.)

. . C
Lemma 2.5.1 (equivalence)vt, eithert € a, t = (valuesuvy - --), ort — ' <t Cy t.
Proof By cases.

1.t €aort € (valuesv---): the lemmais trivially true.

2. t has no reductions in either language: the lemma is trivially true. (We will not
prove that this case cannot arise except as a restatement of the prior case, but it is
nonetheless true.)

3. t has a reduction in either language where the context is empty:t tmetiched |,
in Ays[C1] @and| ]« in Ays[Cx]. All reductions rules that do not expector (values
v---) in the hole will match regardless of the shape of the matched hole, so since a
reduction is immediately possible in eithegs[C1] or Ays[Cy] it is possible in both.
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4. t has a reduction involving a nonempty context in one language: since®oth
and Cx match only the appropriate hole add and sinceC' is exactly the same
for A\ys[C1] and \ys[C], any way of decomposinginto a nonempty context and a
hole in either language works equally well for both languages. Thus any term that
can be decomposed in such a way that a rewriting rule applies in one language can
be decomposed that way in either language.

Thus the lemma holds in all cases, concluding the prgof.

Now we need a little more machinery that will aid us in proving an important lemma
by induction. We need to show that if a tetnsan reduce in an empty context, it can also

reduce in a nonempty context.

Lemma 2.5.2 (context stacking)If ¢ = C[r]; andr @ p’ then3p.t “ p. Similarly if
t = Cqr]x andr Cx p/ thendp.t 9 .

Proof Sincer <4 P, r = C1[t"] for someC| andt”. Thust = C1[C}[t"]];. The only
way C could match a term with|, is with the productiorC| = [ |, and by construction
C'1 produces as well. Thus we can build a larger context consisting of all the productions
from C} to r followed by all the productions fromto ¢’ and have = C4[t’]. Since all
reduction rules in\,; match a subterm within any context and some rule redd¢gd’],
that same rule reduces [t”].

The multiple-values case proceeds by exactly the same argument, replaciog] |o
andC for C; where appropriate]

Two more lemmas concern the nature of reductions: one tells us that reducing a closed
term does not produce an open term, and the other tells us that for any term at most one
reduction applies.

Lemma 2.5.3 (closedness preservationyt € E. if closed(t) andt — ¢’ thenclosed(t').
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Proof By cases on the reduction rule that redutest’. The proof is immediate in every

case.n)

. . e C
Lemma 2.5.4 (unique reduction) V¢ € E. if t = p andt = p/ thenp = p/.

Proof For any term, it is easy to see that there is a unique path thréugtoductions
that leads to a hole in which reduction could possibly take place: for each syntactic form
in the language, contexts restricted so that there can only be multiple context productions
for that form if all but one are values. For instance, a term of the fapplf/-valuesv
FE) matcheg” in two ways as&pply-values| |, £) and @pply-valueswv | ].), but the first
decomposition is guaranteed to have an irreducible term in the hole.

So if the lemma does not hold, it must be thatontains some subterm such that
t = C1[t1]z — p andt; = Cy[ta] wheret = C1[Cy[ta]] — p'. But sinceCi[t1]z — p,
t1 must be a term in the left-hand side of some reduction ruleramdst be that reduction
rule’s subscript. It is immediate in all cases of the left-hand sides of reduction rules,that
must be the empty context, thus that= t5, and thus thap = p/. O

Lemma 2.5.5 (progress)V closedt € \,s[C1], eitherdp.t — port € v.
Proof By induction on the structure of

1. If t = v for some valuey, the theorem holds trivially.

2. Ift =(E1 Eo - - Ey), then either all subexpressions are values, in which case either
one of thes, rules or thevaluesrule applies, or one of the expressions is not a
value. If one of the expressions is not a value, then we can decompose it using the
productionsC; = C' andC = (v ---C7 E ---) where the occurence d@f; in the
second production matches a non-value subexpregsjgnof t. SinceE,,; is not
a value expression by constructiaf,,;, % p' for somep’ by inductive hypothesis.
Then by lemma 2.5.2t'.t — p.

3. If t = (apply-valuesE; E»), there are four cases:
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(a) If £y is not a value, then by definition 6f; we havet = (apply-values] |, E5)
and by inductive hypothesis we haizk Cj) p'. Thus by lemma 2.5.2p.t Cj) p.

(b) If E; is a value butFs is neither a value nowvéluesw - - -), then by inductive
hypothesisFs 21) p/, then by lemma 2.5.F, s p’, and finally by lemma 2.5.2
t C—Yl> P.
(c) If £y is avalue andvs is a value, then the promotion rule applies to it and it is
C
easy to see that— (apply-valuesE; (valuesEy)).

(d) If £y isavalue andv, is (valuesw - - -), then the reduction rule fapply-values
. . Cq
appliestoitand — (Ejv---).

Those are all the possible cases, concluding the proof.

We are now prepared to prove that every closggdterm either reduces to a unique
value or continues reducing forever. Here we useto indicate the transitive closure of
Aus[C1]'s — relation.

Theorem 2.5.1V closedt € E. either there exists a unique € v U {wrong} such that
t — a or Vt' such thatt — t'. there exists a uniqu#&’ such thatt’ — t".

Proof Assume the property does not hold. Then there must exist a non+/alueh that
t — t' butt’ 4 aforanya ort’ — {aj,as} for distincta; andas. But since the—
relation is closedness-preserving by lemma 2.5.3tdasdlosed/’ is closed. Therefore by
lemmas 2.5.4 and 2.5t5 — a for exactly onez. This is a contradiction, so no su¢hcan
exist and the theorem holds. Thus the property holds, completing the proof.

2.6 From apply-values to call-with-values

The three features outlined in sections 2.1, 2.3, and 2.4 together make up the most inter-
esting new features of the’RS Scheme semantics we present in appendix A. The other
features of our RRS Scheme model not present in the small@alculus-based models
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we have presented in earlier chapters incloalécc, scheme—if—, scheme—cons— lists,

and so-called/i — \” functions that can be invoked with any number of arguments beyond

a specified minimum and represent all extra arguments as a list. We borrow our model of
call/ccfeature from Felleisen’s dissertation [i]js straightforward, and our modelauns

lists andu, — As are involved but uninteresting.

One interesting issue does arise when adapting our multiple return values technique to
full Scheme. Recall that the language we describe in section 2.4 lets programmers usefully
receive multiple-value returns with a special syntactic form cadlpgly-values As we
mentioned in that section,”RS Scheme does not have @pply-valuesform and instead
uses a built-in function callechll-with-valuesthat takes a “sender” thunk and a “receiver”
function of any arity and applies the receiver to the values produced by the sender. We did
not modelcall-with-valuesin section 2.4 because it obscures the essential idea that makes
multiple return values work, but to be a faithful representation ®R& Scheme we do
model it in our full semantics. To achieve that, we divide contexts into single-value and
multiple-value contexts as in section 2.4, but the production we adchfbwith-valuess
different from the production we used fapply-values

C = (call-with-value§ ECx%Y v®) | - - -

That is, acall-with-valuesapplication must be fully-marked (to satisfy the unspecified
evaluation order requirement explained in section 2.1), but with a new mark indicated with
the superscriptwv appearing in its middle term. Only expressions with this new mark can
a multi-valued evaluation take place. The mark is produced and consumed by the reduction
rules forcall-with-valuesapplications (abbreviatetivv here), which are otherwise much
like apply-valuesrules:

Cllewv vy v})] —  Cllew (vp)“? v})]

Cl(cw (values v] ---)c*" v})] — C’[(v} v} )
The call-with-valuesfunction seen from this perspective is just a varianapply-

valuesthat evaluates in two phases, evaluating its first argument in a single-valued context
and then evaluating an invocation of the result in a multi-valued context.



CHAPTER 3
CONCLUSION

We have presented an introduction to and a history of context-sensitive reduction seman-
tics, presented PLT Redex, an automated tool for experimenting with context-sensitive re-
duction systems, and have presented a semanticR8Bcheme using context-sensitive
reduction semantics developed using PLT Redex. To our knowledge &8 Bcheme se-
mantics formalizes more of the language than any other existing semantics for the language
and shows how to modelRS Scheme-style multiple return values for the first time in an
operational semantics and gives a novel and particularly aesthetically appealing model for
unspecified sequential evaluation orders that takes advantage of the nondeterministic choice
inherent in term-rewriting systems.

Our implementation of PLT Redex and the source code for our modelRSRScheme

are available for download &ttp://www.cs.uchicago.edu/"jacobm/masters/

3.1 Related Work

Reduction semantics has been used to model large programming languages many times
and in many different ways. Felleisen’s dissertation, which introduced context-sensitive
reduction semantics, gives a formulation of a substantially smaller language than the one
we present here that he calls “idealized Scheme” [7], and Felleisen extends that model into
the A-v-C'S calculus in later work [8]. Since then, reduction semantics have been used to
model the cores of many languages including Emacs Lisp [19], MultiLisp [10], Java [12],
ML [14, 25] and Concurrent ML [22] among many others. Harper and Stone present a
formal semantics for Standard ML that includes a dynamic semantics encoded using a
variation on Wright and Felleisen’s notation; it is the largest example of a programming
language semantics given in a variant of reduction semantics we have found in the literature
(with the possible exception of our own semantics fBR8 Scheme).

33
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There has also been extensive work on the semantics of Scheme. Clinger presented
an operational semantics for core Scheme in the development of the notion of space ef-
ficiency [5]. Ramsdell presented a structural operational semantics for Scheme aimed at
fixing the unspecified order of argument evaluation problem we discuss in section 2.1 [21].
His model is less complete than ours (most notably, it does not include multiple return
values) and is tied much more closely to tHeRS Scheme formal semantics.

Many researchers have implemented programs similar to our reduction tool. For ex-
ample, Elan [2], Maude [3], and Stratego [24] all allow users to implement term-rewriting
systems (and more), but are focused more on context-free term-rewriting. Stratego’s strate-
gies can be thought of as a generalization of the evaluation context notion. The ASF+SDF
compiler [23] is very similar to PLT Redex but is geared towards language implementation
rather than exploration and so makes tradeoffs that do not suit the needs of lightweight
debugging (but that make it a better tool for building efficient large-scale language imple-
mentations). The CENTAUR system [4] is a toolbox for automatically generating language
implementations based on specifications, but it is directed more towards static semantics
than dynamic semantics.

Our reduction tool is focused on context-sensitive rewriting and aims to help its users
visualize and understand rewriting systems rather than employ them for some other pur-
pose. Then?2 graphical interpreter for interaction nets [16] also helps its users visualize
sequences of reductions, but is tailored to a single language.

3.2 Future Work

We plan to extend PLT Redex to allow simple ways to express the binding structure of a
language, which will allow us to synthesize capture-avoiding substitution rules automat-
ically. We also plan to add more support for the reduction rules commonly used in the
literature, such as source patterns that match only if other patterns did not.

We have identified several avenues for extensions to our mode?R8Mcheme. First,
though it is roughly as complete as the formal semantics giver RSScheme Report, it
covers far less than the Report describes informally. We believe there are significant and
interesting challenges in extending our semantics to cover the eRft8 Bcheme Report:
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macros,eval dynamic-wind and the top-level interaction environment, for example, are
all left undescribed by our system and by theéRS Scheme semanti¢sWe believe that

a model of RRS Scheme as complete as the formal definition of Standard ML [18] is
feasible in our framework and that it would be a benefit to the Scheme community.

1. Gasbichler, Knauel, Sperber, and Kelsey have presented a semardigsdonic-windn a denotational
style [13].



APPENDIX A
OPERATIONAL SEMANTICS FOR R °RS SCHEME

The following code is an executable specification 3RS Scheme encoded in PLT
Redex. It is presented here divided into sections and annotated, and is also available for
download (along with the PLT Redex tool itself and executable models for all the calculi in
this paper) abttp://www.cs.uchicago.edu/jacobm/masters/

The code is presented with commentary in-line. Executable code is typeset in a fixed-

width font and commentary is typeset in a variable-width font.

A.1 Preliminaries

Before proceeding to the code, we say a few words about the style of our semantics and
places where it differs from the semantics presented in HeSRScheme formal specifi-
cation. There are many expressions whose return values are explicitly unspecified in the
R°RS Scheme document — for instance, the result séthexpression. Since this speci-
fication is intended to be executable, we modeled unspecified results with a special value
unspecifiedhat has no associated reduction rules and will stick any program that inspects
it. If we did not intend for our model to be executable, we could add the rule schema
V. PClunspecified] — PClv.

We also chose to elide reductions that indicate out-of-memory errors. These would be
easy to add back in at the expense of a little extra clutter when visualizing traces: reductions
from each allocating in any program context to the “out of memory” error would be all that
was necessary.

Another guiding principle of these semantics was to introduce a minimum of “scaffold-
ing” constructions that were not legal typable Scheme syntax and to always treat syntactic

36
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constructs with their regular meanings so that any intermediate term produced by the se-
mantics was a legitimate executable Scheme program that when run had the same result the
semantics would give it. (Of course the initial term fed in to the system has this property, but
it is easy to construct systems in which the reduction rules introduce illegal syntax or mis-
use syntax in ways that other rules understand — it is that kind of system we want to avoid.)
We compromised on this point in three ways: our pair representation (see section A.5.3),
our marking scheme for applications (see sections 2.1 and A.5.4)adndith-valueqsee
sections 2.6 and A.5.6), and azall/cc model (see section A.5.5) contain violations of this
principle. All but one are fixable; see the discussion in those sections for more details.

Now we are ready for the code.

(module r5rs mzscheme
(require (lib "reduction-semantics.ss" "reduction-semantics")
(lib "subst.ss" “reduction-semantics")
(prefix srfil: (lib "1.ss" "srfi")))

(provide lang reductions)

A.2 Grammar

The RRS Scheme grammar is much larger than the grammars presented in the rest of this
paper but not much more complicated. Expressions can now take on several additional syn-
tactic forms such a$ andbeginand there are many more built-in functions sucketscar!
andcall/cc, but these extensions are all straightforward. Evaluation contexts are extended
in the same straightforward way from the evaluation contexts described in section 2.4.

One somewhat subtle extension we make to the systems described so far the distinc-
tion between different kinds of variables. Variables representing code and value pointers
are thought of as values, and are included in the values productions. Other variables (in
particular those representing binding pointers) are thought of as reducible expressions. For
that reason we partition variable names into separate areas for these kinds of values and
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they can be thought of as tagged names or memory allocated from distinct pools. We en-
code the distinction by using different prefixes for different kinds of pointefer binding
pointers (see section A.5.2),for pair pointers (section A.5.3}, for code pointers (sec-

tion A.5.4), andnfor u-\ pointers (also section A.5.4). To specify these partitions in PLT
Redex we use a feature of PLT Redex’s pattern language we have not yet described: in a
PLT Redex pattern,s(de-condition pattern scheme-expnatches ifpatternmatches and

the associated Scheme expression evaluates to a true value.

(define lang
(language (p (letrec ((x sv) ...) e))

(e (e e.)
(if e e )
(set! x e)
(begin e e ..)
(abort e)
lam
mulam
v
(side-condition
x 1
(and (not (prefixed-by? (term x_1) ’c))
(not (prefixed-by? (term x_1) ’'p)))))

(lam (lambda (x ...) e e ..))
(mulam (lambda (x ... dot x) e e ..))

(pc (letrec ((x sv) ...) ecl))

(ec hole
(inert ... (mark ecl) inert ...)
(if ecl e e)
(set! x ecl)
(begin ec e e ..)
((mark call-with-values)
(cwv-mark ec¥*)
(mark v)))

(ecl (hole single) ec)
(ec* (hole multi) ec)

(inert e (mark v))

(sv v
(cons v v)
lam
mulam)

(v fun nonfun)
(fun cp ; user functions

mp
cons ; primitive functions
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null?

cons?

car cdr set-car! set-cdr!
+ -/ *

call/cc

values call-with-values
eq?

apply)

(nonfun pp
number
null
true
false
unspecified)

(x (variable-except

lambda if dot loc set! ; core syntax names
mark begin

null true false ; non-function values
unspecified

pair closure

error ; signal an error
cons cons? null? car cdr ; list functions
set-car! set-cdr!

+ - %] ; math functions
call/cc abort ; call/cc functions
values call-with-values ; values functions
cwv-mark))

; binding pointer

(bp (side-condition x_bp (prefixed-by? (term x_bp) 'b)))

; pair pointer

(pp (side-condition x_pp (prefixed-by? (term x_pp) 'p)))

; pointer to a lambda function

(cp (side-condition x_pp (prefixed-by? (term x_pp) ’'c)))

; pointer to a mu-lambda function

(mp (side-condition x_mp (prefixed-by? (term x_mp) 'm)))))

A.3 Relations

It will be useful in specifying our reduction rules to make some distictions among several
different styles of reduction. In this section we introduce four relations specific to this
semantics, all of which we will find use for in the next section. These new relations are
intended to clarify and categorize different kinds of reduction found in the system; they
are all expressible as normal term reductions in the style of the rest of this paper and in
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fact are defined as small macros that expand to uses oéthuetion syntax described in
chapter 1.3.

The four reductions we will use are> , used to indicate the normal reduction relation
(equivalent to our uses et elsewhere in this papen)> , used to indicate an “in-place”
reduction*-> , used to indicate an application, ae¢> used to indicate a reduction that
signals an error.

Note that the PLT Scheme reader treats the expresaion(. b) as identical to{ a
b). We use this as a cheap way to use infix notation for clarity.

;; --> @ one-step reduction, full term to full term.
(define-syntax (--> stx)
(syntax-case stx ()
[C term result)
#(reduction lang term result)]))

; [-> 1 one-step reduction, pc[term] to pc[term]
(define-syntax (/-> stx)
(syntax-case stx ()
[(C term result)
#(reduction/context lang pc term result)]))

;7 *-> 1 one-step reduction, pc[marked application] to pc[term]
(define-syntax (*-> stx)
(define (src-item->result-item stx)
(syntax-case stx (...)
[... stx]
[other #'(mark other)]))
(syntax-case stx ()
[C (item ..) result)
(with-syntax ([(result-item ...)
(map
src-item->result-item
(syntax-e #'(item ...)))])
#'((result-item ...) . /-> . result))]))

;; e-> : error reduction, pc[term] -> error
(define-syntax (e-> stx)
(syntax-case stx ()
[C t msg) #(reduction lang
(in-hole pc t)
(term (error msg)))]))
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A.4  Primitives
Because our model does not take into accoltRR Scheme’s numeric tower, we model

its numeric operations in terms of the host language’s underlying functions. In this section
we introduce syntax that automates that process.

;v prims @ procedure ... -> listof reductions
(define-syntax (prims stx)
(syntax-case stx ()

[C oper ..)
(andmap identifier? (syntax->list #(oper ...)))
#(list

((oper number_1 (... ... )

L R>

(apply oper (term (number_1 (... ... M)

.('('side-condition
((mark oper) (mark v_1) (... ... )
(not (andmap number? (term (v_1 (... ... M)
. e>
"attempt to apply numeric operator to non-numbers")

»)))

A.5 Reductions

In this section we define the reduction steps f6RB Scheme.

(define reductions
(list*
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A.5.1 Basic syntactic forms

These two formshegin andif, are simple to model and unsurprising.

;; begin
((begin v e_1 e 2 ..). /> . (term (begin e 1 e 2 ..))
((begin e_1) . /-> . (term e_1))

5 if
((side-condition
(if viele?2
(not (eq? (term v_1) (term false))))
>
(term e_1))
((if false e_ 1 e_2) . /-> . (term e_2))

A.5.2 \Variables, binding mutation, and the store

These rules govern the introduction of closure values into the store, binding lookup, and
binding mutation. (Binding introduction is governed by th&eduction rules introduced
in subsection A.5.4.)

;; variable lookup
((letrec ((x_1 sv_1) ...
(bp_i sv_i)
(x_i+1 sv_i+1) ..)
(in-hole ec_1 bp_i))
L
(term
(letrec ((x_1 sv_1) ...
(bp_i sv_i)
(x_i+1 sv_i+l) ..)
[(replace (term ec_1) (term hole) (term sv_i)))))

;1 closure introduction
((letrec ((x_1 sv_1) ..)
(in-hole ec_1 lam_i))
L
(term-let ((cp_i (variable-not-in (term (x_1 ...)) ’c)))
(term (letrec ((x_1 sv_1) ... (cp_i lam_i))
[(replace (term ec_1) (term hole) (term cp_i))))))

;; mu-closure introduction
((letrec ((x_1 sv_1) ..)
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(in-hole ec_1 (lambda (x_argl ... dot x_rest) e_1 e_2 ..)))
L
(term-let ((mp_i (variable-not-in (term (x_1 ...)) 'm))
(cp_i (variable-not-in (term (x_1 ...)) 'c)))
(term
(letrec ((x_1 sv_1) ...
(mp_i (lambda (x_argl ... dot x_rest)
(cp_i x_argl ... x_rest)))
(cp_i (lambda (x_argl ... x_rest) e_1 e 2 ..))
[(replace (term ec_1) (term hole) (term mp_i))))))

; set!
((letrec ((x_1 sv_1) ... (bp_i sv_i) (x_i+1 sv_i+1) ..)
(in-hole ec_1 (set! bp_i v_new)))
Lo
(term
(letrec ((x_1 sv_1) ... (bp_i v_new) (x_i+1 sv_i+1) ..)
[(replace (term ec_1) (term hole) (term unspecified)))))

A.5.3 Cons and cons-cell mutation

These rules govern the introduction and manipulation of cons cells. Most of them follow a
simple format: locate the pair specified by a particular operation and perform the operation
requested on it. Thear, cdr, set-car} andset-cdr!rules all follow this pattern. Of the
other rules,consintroduces a new pair to the store with an appropriate store name, and
cons?andnull? perform the appropriate tests.

We represent pairs by moving them into the store as explained in section 2.3. One
problem with that model is that the store is represented syntacticallyediea term, but
this representation neglects a restriction placefétac in the PRS Scheme specification:

One restriction on letrec is very important: it must be possible to evaluate each
[right-hand-side expression] without assigning or referring to the value of any
[left-hand-side variable]. If this restriction is violated, then it is an error.

We could fix this using a lazy-evaluation scheme, but we feel that would complicate the
semantics with little benefit.

,, cons
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((letrec ((x_1 sv_1) ..)
(in-hole ec_1 ((mark cons) (mark v_car) (mark v_cdr))))
L
(let ((p_i (variable-not-in (term (x_1 ...)) 'p)))
(term
(letrec ((x_1 sv_1) ... (,p_i (cons v_car v_cdr)))
[(replace (term ec_1) (term hole) (term ,p_i))))))

;ocar
((letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+1) ...)
(in-hole ec_1 ((mark car) (mark pp_i))))
L
(term (letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+l) ...)
,(replace (term ec_1) (term hole) (term v_car)))))
((side-condition
((mark car) (mark v_i))
(not (cons-v? (term v_i))))
. e>
"can’t take car of non-pair")

;ocdr
((letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+1) ...)
(in-hole ec_1 ((mark cdr) (mark pp_i))))
>

(term (letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+l) ...)
,(replace (term ec_1) (term hole) (term v_cdr)))))
((side-condition
((mark cdr) (mark v_i))
(not (cons-v? (term v_i))))
.e>
"can’t take cdr of non-pair")

;onull?
((null? null) . *> . ‘true)
((side-condition
((mark null?) (mark v_i))
(not (null-v? (term v_i))))
>
(term false))

;; cons?
((cons? pp) . *> . ‘true)
((side-condition
((mark cons?) (mark v_i))
(not (prefixed-by? (term v_i) 'p)))
. [-> . (term false))

;, set-car!
((letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+1) ..)
(in-hole ec_1 ((mark set-car!) (mark pp_i) (mark v_new))))
L
(term (letrec ((x_1 sv_1) ...
(pp_i (cons v_new v_cdr))
(x_i+1 sv_i+1) ...)

44
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[(replace (term ec_1) (term hole) (term unspecified)))))

;; set-car! error

(((mark set-car!)
(mark (side-condition v_1 (not (cons-v? (term v_1)))))
(mark v))

.e-> .

"can't set-car! on a non-pair")

5 set-cdr!
((letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+1) ..)
(in-hole ec_1 ((mark set-cdr!) (mark pp_i) (mark v_new))))
L
(term (letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_new))
(x_i+1 sv_i+1) ...)
[(replace (term ec_1) (term hole) (term unspecified)))))

;; set-cdr! error

(((mark set-cdr!)
(mark (side-condition v_1 (not (cons-v? (term v_1)))))
(mark v))

.e> .

“can’t set-car! on a non-pair")

A.5.4 Functions and function application

Function application proceeds as described in section 3.1, with marks introduced nonde-
terministically and reductions happening only within marks. These applications also intro-
duce bindings into the store.

One extra complication is thatlRS Scheme has a form of function not mentioned so
far called au-A function that in addition to a sequence of required named arguments can
also accept any number of extra arguments, bundled up as a list and bound to a given name
in the body of the function. We model these functions by introducing to the store two new
pointers: one a normal code pointer and one a specialpointer. Theu-\ pointer is
associated with the term\(x1 - - - xy, . zy) (cp; 21 - - - xy, 1)), @ variadic function that just
passes its arguments along to the function, implicitly converting unnamed arguments
to a list. That function is a normal fixed-arity function whose body is the original
function’s body.
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;; mark introduction

((inert_1 ... e_i inert_i+1 ...)

>

(term (inert_1 ... (mark e_i) inert_i+1 ...)))

;; lambda application
((side-condition
(letrec ((x_1 sv_1) ...
(cp_i (lambda (x_argl ...) e_bodyl e_body2 ...))
(x_i+1 sv_i+l) ...)
(in-hole ec_1 ((mark cp_i) (mark v_argl) ..)))
(= (length (term (x_argl ...))) (length (term (v_argl ...)))))
L
(term-let ([(bp_argl ...
(variables-not-in
(term (v_argl ...))
(term (x_1 ... cp_i x_i+1 ..))
b))
(term
(letrec ((x_1 sv_1) ...
(cp_i (lambda (x_argl ...)
e_bodyl e body2 ...))
(x_i+1 sv_i+1) ...
(bp_argl v_argl) ...)
(replace (term ec_1)
(term hole)
(term
(begin
,@(r5rs-subst-all
(term (x_argl ...)
(term (bp_argl ..)))
(term (e_bodyl e_body2 ..)))))))))

((side-condition
(letrec ((x sv) ...
(cp_i (lambda (x_argl ...) e e ..))
(x sv) ..)
(in-hole ec ((mark cp_i) (mark v_argl) ...)))
(not (= (length (term (x_argl ...)))
(length (term (v_argl ...))))))
L
(term (error "arity mismatch")))

;7 mu-lambda application
((side-condition
(letrec ((x_1 sv_1) ...
(mp_i (lambda (x_argl ... dot x_argrest) (cp_target x_argl ... x_argrest)))
(x_i+1 sv_i+1) ...)
(in-hole ec_1 ((mark mp_i) (mark v_argl) ...)))
(>= (length (term (v_argl ...))) (length (term (x_argl ...)))))
-—->

(let-values ([(named rest)
(divide (term (v_argl ...)) (length (term (x_argl ..)))])
(term-let (((v_namedl ...) named)
(v_rest (mkmarkedlist rest)))
(term
(letrec ((x_1 sv_1) ...
(mp_i (lambda (x_argl ... dot x_argrest) (cp_target x_argl ... x_argrest)))
(x_i+1 sv_i+1) ...)
(replace (term ec_1)
(term hole)
(term ((mark cp_target)
(mark v_named1) ...

(mark v_rest))))))))
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;; mu-lambda too few arguments case
((side-condition
(letrec ((x sv) ...
(mp_i (lambda (x_argl ... dot x) (cp X ...)))
(x sv) ..)
(in-hole ec ((mark mp_i) (mark v_argl) ...)))
(< (length (term (v_argl ..)))
(length (term (x_argl ...)))))
Lo
(term (error "too few arguments")))

;; application of non-function
(((mark nonfun) (mark v) ...)
. e-> .

"can’t apply non-function")

;; apply built-in function
((letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+l) ..)
(in-hole ec_1 ((mark apply) (mark v_f) (mark v_argl) ... (mark pp_i))))
>

(term
(letrec ((x_1 sv_1) ...
(pp_i (cons v_car v_cdr))
(x_i+1 sv_i+1) ...)
(replace (term ec_1)
(term hole)
(term ((mark apply)
(mark v_f)
(mark v_argl) ...
(mark v_car)
(mark v_cdn))))))

((apply v_f v_argl ... null)
LRSS
(term (v_f v_argl ..)))

((side-condition
((mark apply) (mark v_f) (mark v_argl) ... (mark v_last))
(not (list-v? (term v_last))))

. e>

"apply must take a list as its last argument")

A.5.5 Calllcc

R°RS Scheme’sall/cc feature is modeled by capturing the context surrounding its appli-
cation and building a function that accepts an argument, substitutes the hole in that context
with the argument when applied, and aborts after evaluating the entire context.

We take this modeling technique directly from a paper by Felleisen [8], extending it
only to support multiple values. Our extension works by changing the function used as a
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continuation so that rather than being &unction that accepts exactly one argument and

returning that argument all/cc’s calling context, it becomes;a— A function that accepts

zero or more arguments and returns all its arguments as valga#i/tw's calling context.
Theabort primitive violates our guideline that we should not introduce extra scaffold-

ing, but in a relatively benign way: if we modified terms such that program contexts were
(letrec ((x sv) - - )

(let/ccabort EC))

the abort construction would be legal. We chose to omit that extra layer because it is
a potentially confusing constant addition to every term that has no particular benefit other
than making terms slightly more aesthetic.

;; calllcc
((letrec ((x_1 sv_1) ..)
(in-hole ec_1 ((mark call/cc) (mark v_arg))))
L >
(let ((k (variable-not-in (term (ec_1 x_1 ...)) 'k)))
(term
(letrec ((x_1 sv_1) ..)
J(replace
(term ec_1)
(term hole)
(term ((mark v_arg)
(mark
(lambda (dot ,k)
(abort
,(replace
(term ec_1)
(term hole)
(term (apply values ,k))))))))

;; abort (introduced by call/cc)
((letrec ((x_1 sv_1) ..)
(in-hole ec_1 (abort e_1)))
L>
(term (letrec ((x_1 sv_1) ...) e_1)))

A.5.6 Multiple values and call-with-values

Our multiple values model proceeds exactly as described in sections 2.4 and 2.6. The mark
we place aroundall-with-valuesviolates the aesthetic principle that intermediate terms
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should be legal Scheme programs in their own right, and we know of no way to eliminate
that mark without resorting tapply-valuesor another non-Scheme construct. This is the
most significant breach of our aesthetic principle in our model.

;; values promotion
((in-named-hole multi

hole
pc_1
v_1)
L
(replace (term pc_1)
(term hole)

(term ((mark values) (mark v_1)))))

;; values demotion
((in-named-hole single
hole
pc_1
((mark values) (mark v_1)))
L
(replace (term pc_1) (term hole) (term v_1)))

((in-named-hole single

hole

pc_1

(side-condition

((mark values) (mark v_1) ...)

(not (= (length (term (v_1 ..))) 1))))
L
(term (error “context received the wrong number of values")))

; resolving call-with-values statements
((call-with-values v_vals v_fun)
LR
(term ((mark call-with-values)
(cwv-mark (v_vals))
(mark v_fun))))

((in-hole
pc_1
((mark call-with-values)
(cwv-mark ((mark values) (mark v_arg) ...))
(mark v_fun)))
L
(replace (term pc_1)
(term hole)
(term ((mark v_fun) (mark v_arg) ...))))

((side-condition
((mark call-with-values) (mark v_i) ...)
(not (= (length (term (v_i ...))) 2)))

. e>

"arity mismatch")
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A.5.7 EQg? and equivalence

Other reductions in the semantics ensure that compound values are placed in the store as
described in section 2.3. For that reason, equality testing is a symbol equality test in all
cases.

((eq? pp_i pp_i) . *-> . ‘true)
((eg? cp_i cp_i) . *> . ‘true)
((eq? number_1 number_1) . *-> . ‘true)
((eq? v_1 v_1) . *> . ‘true)
((side-condition
((mark eg?) (mark v_1) (mark v_2))
(not (eq? (term v_1) (term v_2))))
>
(term false))

((side-condition

((mark eg?) (mark v_1) ..)

(not (= (length (term (v_1 ..))) 2)))
. e> .

"arity mismatch")

; primitives
(prims + - * /)))

A.6 0Odds and ends

The remainder of the code implements various helpers and convenience features that gen-
erally are not spelled out in a formal semantics document but that must be specified to
produce an executable specification. The most notable function hénesisubst-ongthe
capture-avoiding substitution function. It is defined using a domain-specific language for
building capture-avoiding substitution functions that is included in PLT Redex; for details
see PLT Redex documentation within DrScheme.

(define r5rs-subst-one
(subst
[‘cons (constant)]
['null (constant)]
[‘abort (constant)]
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[‘call/cc (constant)]

['mark (constant)]

[‘cwv-mark (constant)]

[(? symbol?) (variable)]

[(? number?) (constant)]

[‘(lambda ,(xs ... 'dot last) ,b)
(all-vars (cons last xs))
(build (lambda (vars body) ‘(lambda
(subterm xs b)]

[((lambda ,(xs ...) ,b)
(all-vars xs)
(build (lambda (vars body) ‘(lambda
(subterm xs b)]

[((lambda ,x ,b)
(all-vars (list x))
(build (lambda (vars body) ‘(lambda
(subterm x b)]

[(set! x ,e)
(all-vars ()
(build (lambda (vars x exp) ‘(set! ,x
(subterm () x)
(subterm () e)]

[(f args ...)

(all-vars ’())

(build (lambda (vars f . args) ‘(,f ,@a
(subterm ’() f)

(subterms ’() args)]))

(define (r5rs-subst-all params args bodies)

(map

(lambda (body) (srfil:fold r5rs-subst-one
bodies))

(define (variables-not-in items exp prefix)

(cond

[(null? items) null]
[else
(let ((this (variable-not-in exp prefix)))
(cons
this
(variables-not-in
(cdr items)
(cons this exp)

prefix)))])

. mKlist : listof term -> term
; makes a term representing a cons-list of the given list
(define (mklist args)

(srfil:fold-right

(lambda (this rest) (term (cons ,this ,re
(term null)
args)))

; mkmarkedlist : listof term -> term

,(xs ’'dot last) ,body)))

Xs ,body)))

X ,body)))

exp)))

rgs)))

body params args))

st))

; like mklist, but pre-marks all values in all applications
(define (mkmarkedlist vals)

(srfil:fold-right

(lambda (this rest)

(term ((mark cons) (mark ,this) (mark ,rest))))

(term null)
vals))

(define cons-v? (language->predicate lang 'pp))
(define (null-v? v) (eq? v 'null))

51
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(define (list-v? v) (or (cons-v? v) (null-v? v)))

(define (prefixed-by? s prefix)
(let* ([sym (symbol->string s)]
[pre (symbol->string prefix)]
[len (string-length pre)])
(string=? (substring sym O len) pre)))

(define (divide li n)
(let loop ((n n)
(i 1i)
(acc ()
(cond

[(zero? n) (values (reverse acc) li)]

[else (loop (subl n) (cdr li) (cons (car li) acc))]))));
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