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Abstract. Dimension reduction is applied to a model of the sea breeze. A
two-dimensional model which exhibits behavior commonly seen near shore lines
is semi-discretized in one direction using a Galerkin method. This gives a small
system of one-dimensional partial differential equations. The basis functions
for the Galerkin are chosen based on the nature of the sea breeze circulation.
Using two basis functions constructed from polynomials composed with an
exponential gives a model with results comparable to observations. Stability
and convergence results are proved for the Galerkin method on the sea breeze
model.

1. Introduction

When applied to a system of partial differential equations, dimension-reduction
techniques produce a new system which is defined over a smaller dimension. The re-
sulting reduced dimension models are easier to compute with and easier to analyze.
These techniques have found applications in several fluid dynamics problems [4].
One particularly nice example is a pendant drop that lengthens and eventually
breaks off. While linear analysis and higher order perturbation analysis are not ef-
fective in predicting the shape of the surface near droplet breakoff [2, 6], the Eggers
reduced-dimension model provided a simple and quite accurate description of this
situation [5, 6]. Here, a dimension reduction based on Galerkin methods is applied
to an idealized model of the sea breeze. An interesting aspect of this dimension re-
duction is the use of a nonlinear transformation that concentrates on the flexibility
of the function spaces involved where it is needed.

The typical pattern of a sea breeze results from temperature differences around
the shoreline. During the day, the land heats up faster than the sea due to the
higher heat capacity of the sea. This has the effect of lowering the air pressure
over the land which causes a breeze from the sea to land. This is termed a sea
breeze. Aloft, a return current of air flows from the land to the sea. During this
time air rises over the land, and descends over the sea. These four branches are the
daytime sea breeze circulation. The opposite circulation occurs during the night
due to the land cooling faster than the sea. Close to the surface is the land-breeze.
The extent and the strength of the circulation depends on many things such as the
land-sea temperature contrast, stability of the atmosphere, latitude, geography and
topography of the coast.
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To aid our understanding of sea breezes we resort to modeling. Many modelers
use a two-dimensional domain [8], neglecting variations along the coastline while
others use three-dimensional domains [10, 11]. Analytical studies of the sea breeze
may neglect significant physical processes such as advection, friction and Coriolis
force to make analysis easier. Linear models which omit the advective terms have
provided valuable insight into many aspects of the sea breeze, a summary of earlier
works can be found in [12]. However, there are things that the linear theory cannot
predict, such as the inland propagation of the sea breeze front which is defined
by an abrupt change in wind direction and intensity [7]. Linear theory shows
the diurnal oscillation, but not the inertial oscillation sometimes present in the
solution [8]. To include the important advection, friction, and Coriolis effect, other
researchers use numerical modeling; this has its own set of problems. Sea breeze
is concentrated close to the surface and close to the coast where high resolution
is required, increasing computational and software effort. When the simulations
are done for long periods just as in the studies of chaos [8], longer time steps are
desirable. Small grids and large time steps call for the use of implicit methods, but
under these conditions the numerics may over-stabilize the problem. Feliks [8] has
shown that the transition to chaos for large forcing depend on the time step being
used. On the other hand, the domain in which the simulations are done should be
large so that the artificial boundaries have small effect on the flow near the shore,
so sometimes variable grids are called for.

In spite of all the complications in simulating the sea breeze, the flows computed
do not appear to be very complicated as functions of space, and this characteristic
makes them reasonable candidates for dimension reduction. If it is possible to
reduce the dimension of the sea breeze model, one can make numerical simulations
much more easily and use higher resolution as needed. This paper takes a two-
dimensional model of the sea breeze and applies dimension reduction to it, to obtain
a simpler model which has many aspects of the sea breeze. The reduction is done
through Galerkin reduction with several sets of basis functions. In sections (2)
and (3), we present the two-dimensional model, the domain, the boundary and
the initial conditions. In section (4), we present two simple Galerkin reductions.
First we use Galerkin reduction using a very elementary form that illustrates the
technique which does not provide realistic results. With a slightly richer space
and an exponential transfer function, results are improved. We give the simulation
results for the two different reduced dimension models. In sections (5) and (6),
we discuss the significance of the height and length of the domain. In section
(7), we introduce a general Galerkin reduction. Section (8) proves the stability of
the Galerkin method using an energy estimate and section (9) proves convergence
results using non-symmetric error estimates for the Galerkin method.

2. Sea breeze equations

In our domain, y is distance along coastline, x is the horizontal direction perpen-
dicular to the coastline and z is the height. We assume an infinitely long coastline
and neglect variations with respect to y. The functions u, v, and w are the velocities
in x-, y-, and z-directions; they are also called the zonal, meridional, and vertical
velocities, respectively. We use θ for the potential temperature and ρ for the den-
sity. The variable h is the elevation perturbation of the top surface by analogy to
water waves and h is a function of x only. Primes denote perturbation quantities
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and the subscript m is for the mean quantities. The constant g is the gravitational
constant and f is the Coriolis parameter given as f = 2ωsin(φ) with ω equal to the
Earth’s angular velocity and φ is the latitude. Equations for the sea breeze are [8]:

(2.0.1) ut + uux + wuz − fv = − px

ρm
+ K1uxx + K2uzz − ghx ,

(2.0.2) vt + uvx + wvz + fu = K1vxx + K2vzz ,

(2.0.3)
pz

ρm
=

ρ′g
ρm

,

(2.0.4) ux + wz = 0 ,

(2.0.5) θt + uθx + wθz = K1θxx + K4θzz ,

(2.0.6) −gρ′

ρm
=

θ′g
θm

.

The coefficients Ki’s are horizontal and vertical eddy diffusivities of momentum
and heat respectively. They are large compared to the molecular diffusivity due to
the presence of turbulence in the problem. In the present model, Ki’s are assumed
to be constants. The values are K1 = 10 and K2 = K4 = 80000 for the one-basis
simulations and K2 = K4 = 20000 for the two-basis simulations. The two different
simulations are described in section (4).

3. Domain and boundary conditions

The domain is Ω = {(x, z) : x ∈ (−L, L), z ∈ (0, H)}. We will use L = 320km
and H = 6km in our examples so that the domain is 640km long and 6km high.
Here, x = 0 corresponds to the coastline. Values for the height and length are
chosen so that the boundaries are far enough not to contaminate the solution,
there will be more argument on this statement in sections (5) and (6).

The boundary conditions are such that there is no motion on the boundary, i.e.−→u = (u, v, w) = 0 on ∂Ω. On the upper boundary, the potential temperature is
kept constant at θ1 = 321oK, and the perturbation pressure is set to zero. At the
lower boundary, θ2 varies according to the diabatic heating:

(3.0.7) θ2 =

{
300 x < 0,

300 + θ0 sin(wt)p3(
tanh(x/L0)
tanh(L/L0)

) x ≥ 0,

where p3(x) = x2(3− 2x), L0 = 10km is a length scale and θ0 = 6oK is magnitude
of the forcing. The lateral boundary conditions for the potential temperature are
such that the normal derivatives vanish for θ. Initially there is no motion and
the atmospheric lapse rate is 3.5oK/km with potential temperature 300oK at the
surface.
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4. Simple Galerkin reductions of the sea breeze equations

The full equations of the sea breeze are quite complicated to solve analytically.
Numerically, modelers have been faced with instability issues because the numerical
solutions need high resolution close to the coast and the surface where most of the
action takes place. Reduction of the equations to one-dimension will make their
numerical simulations easier and higher resolution can be achieved as needed. The
domain of the problem is slender, L >> H. Furthermore, there is a good intuition
for the vertical behavior in the system which is in the form of sea and land breezes.
In each of the methods, we consider the functions u,v,w and θ are approximated
by functions U ,V ,W and S that have a restricted form. To apply Galerkin reduc-
tion [9] to a problem, one needs a set of basis functions which depend on the type
of the problem at hand. In this case, the basis functions originate from the type of
behavior in the vertical direction. The zonal wind is positive(negative) in the neigh-
borhood of the surface and negative(positive) aloft during the day(night). One can
assume a reasonable behavior in the vertical and come up with reduced equations
which need to be solved only for the x-direction. Therefore, it is reasonable to
assume the following form for the incompressible velocity:

(4.0.8)
U(x, z, t) = u1(x, t)µz(z)
W (x, z, t) = −u1x(x, t)µ(z)
V (x, z, t) = v1(x, t)µz(z) ,

where µ(z) = z2(z−H)2

4 and u1,v1 are unknown functions. It is assumed that the
meridional velocity has a similar vertical behavior to the zonal velocity. The po-
tential temperature has the simplest form satisfying the boundary conditions:

(4.0.9) S = S1(x, t)ν(z) + g̃(x, z, t) ,

where ν(z) = z(H − z),

(4.0.10) g̃(x, z, t) = (θ1 − θ2)
z

H
+ θ2 ,

and S1 is an unknown. Galerkin approximation is applied to the equations (2.0.1)-
(2.0.6) with the above basis functions. Without going deep into details, let us give
an outline of Galerkin approximation for this set of basis functions. We adopt the
notation for the inner product of any Ψ and Ω as (f, g) =

∫ H

0
fg dz. Equations

(2.0.1),(2.0.2) and (2.0.5) dotted with the corresponding basis functions yield that
for each x ∈ (−L,L),

(Ut, µz) + (UUx, µz) + (WUz, µz)− (fV, µz) =(4.0.11)

(−Px

ρm
, µz) + (K1Uxx, µz) + (K2Uzz, µz) ,

(4.0.12) (Vt, µz) + (UVx, µz) + (WVz, µz) + (fU, µz) = (K1Vxx, µz) + (K2Vzz) ,

(4.0.13) (St, ρ) + (USx, ρ) + (WSz, ρ) = (K1Sxx, ρ) + (K2Szz, ρ) ,

where P is determined from S using (2.0.3) and (2.0.6). The hx term vanishes
because for each x, it is constant and µ(z) is zero at the top and bottom. After
evaluation of the integrals and simplification, we obtain the time evolution equations
for u1t,v1t and S1t as

(4.0.14) u1t − fv1 − 3g

2θm
S1x − 7g

2H2θm
θ2x −K1u1xx +

42K2

H2
u1 = 0 ,
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Figure 1. For the one-basis case, hourly horizontal velocities at
the coast are plotted for 5 days. Upper panel plots the velocities
at z=50m, and the lower panel at z=1500m. Solid(dotted) line
corresponds to u(v).

(4.0.15) v1t + fu1 −K1v1xx +
42K2

H2
v1 = 0 ,

(4.0.16)

S1t +
5

2H2
θ2t +

H

28
uθ2x − 3H

56
u1x(θ1 − θ2)−K1S1xx − 5K1

2H2
θ2xx +

10K4

H2
S1 = 0 .

These equations are integrated numerically from a state of rest. Simulation results
are in figures 1-2. Figure 1 plots the hourly horizontal velocities for the first 5
days. Upper(lower) panel plots the horizontal velocities at 50m(1500m) above the
surface. We have chosen to plot the velocities at z = 50m just to compare the
results with the two basis case at the same height. Height 1500m corresponds to
the approximate height where maximum sea breeze is observed with this set of basis
functions. Also what is observed in figure 1 is that zonal and meridional velocities
have comparable magnitudes and are 90o out of phase. Maximum sea breeze of
about 0.5m/sec occurs at around 8pm. In figure 2, contours of u and w are plotted
corresponding to a maximum sea breeze and land breeze respectively.

This simplest one-basis case has a couple of disadvantages. Let us call the
height where the zonal velocity changes its sign, the reversal height, zr. Due to
our choice, the reversal height for this one-basis case is 3km. The lateral extent of
the sea breeze is about 270km inland from the shoreline as observed in figure (2).
However, a typical sea breeze is mostly concentrated close to the surface and the
coastline. The vertical extent of the sea breeze varies from a few hundred meters
at temperate latitudes to 2km at tropics [1]. The landward penetration of the
sea breeze varies with land-sea contrasts and other accompanying conditions such
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Figure 2. For the one-basis case, contours of the zonal velocity
and vertical velocity are plotted for the maximum sea breeze and
land breeze. Plot (a) is the contours of the zonal velocity and plot
(c) is the contours of the vertical velocity at around 8pm when
there is a maximum sea breeze. Similarly, plot (b) and (d) are the
contours of u and w for the maximum land breeze. Solid(dotted)
contours represent positive(negative) values. Horizontal straight
lines in (a) and (b) at z=3000m represent zero contour levels as
well as the vertical lines at x=0 in (c) and (d). The absolute
difference in the contour levels are approximately (0.18,0.18) in
plot (a), (0.12,0.12) in plot (b), (0.0016,0.0019) in plot (c) and
(0.0010,0.0010) in plot (d) where the the first(second) entry in
the pairs represents the difference between the positive(negative)
contour levels.
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as topography and latitude. Under ideal conditions, the sea breeze is frequently
observed as far as 20− 50km from the seashore in middle latitudes [1].

The improvement to the one-basis case comes in two parts. First, we require
more flexibility in the reversal height from the left boundary to the right by adding
a second basis function. Second, we would like to be able to shift the reversal
height in the vertical direction, especially to make it closer to the ground. In order
to accomplish the two goals, we choose the basis functions as follows

(4.0.17) U(x, z, t) = u1(x, t)µz(z) + u2(x, t)ψz(z) ,

(4.0.18) W (x, z, t) = −u1x(x, t)µ(z)− u2x(x, t)ψ(z) ,

(4.0.19) V (x, z, t) = v1(x, t)µz(z) + v2(x, t)ψz(z) ,

(4.0.20) S(x, z, t) = S1(x, t)ρ(z) + S2(x, t)µz(z) + g̃(x, z, t) ,

where

µ(z) =
[φ(z)]2[φ(z)−H]2

4
ρ(z) = φ(z)[H − φ(z)]

ψ(z) =
1
5
[φ(z)]2[φ(z)−H]2[φ(z)− H

2
]

(4.0.21) g̃(x, z, t) = 300 + (θ1 − 300)
z

H
+ (θ2 − 300)(1− φ(z)

H
) ,

and

(4.0.22) φ(z) =
H(eαz − 1)
(eαH − 1)

.

Here, φ(z) is the transfer function which shifts the reversal height vertically de-
pending on the value of α. It has fixed points 0 and H, and as α tends to 0,
φ tends to the identity function. In case α < 0(α > 0), the function shifts the
reversal height to lower(higher) heights than 3km. In the following simulations,
α = −0.0013 gives us an approximate reversal height of zr = 525m. The equa-
tions obtained with Galerkin approximation using the new set of basis functions
are very messy and will not be given here. The 6 equations obtained are numeri-
cally integrated starting from a state of rest. The results are given in figures 3-4.
In figure 3, we have plotted the horizontal velocities at the coast for 2 different

heights. The upper panel shows the velocities at z = 50m. When compared with
figure 1 upper panel, we observe higher velocities for the two basis case at the same
height. The reason is that the two basis case shifts the motion closer to the ground.
The maximum horizontal velocities are observed in the vertical at about z = 250m
above the surface and the corresponding velocities are shown in the lower panel.
We observe that the maximum sea breeze close to the surface occurs at about 2pm
and that the magnitude of u is bigger compared to the magnitude of v. The max-
imum sea breeze at 250m is about 1.9m/sec whereas the maximum land-breeze is
about 1.6m/sec. The difference between sea and land breezes is more significant
in observations due to the vertical eddy diffusion coefficients being much smaller
during the night. Figure 4 shows the afternoon and night contours of u and w.
The reversal height is at about z = 525m and the lateral extent of the sea breeze is
about 30km. In figure 5, the hourly horizontal velocities are plotted in the hodo-
graph. We observe the clockwise rotation of the sea breeze at the chosen latitude
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Figure 3. For the two-basis case, hourly horizontal velocities at
the coast are plotted. Upper panel plots the velocities at z=50m,
and the lower panel at z=250m. Solid(dotted) line corresponds to
u(v).

of 32oN. This rotation is anticlockwise in the southern hemisphere. At sunrise; the
horizontal wind is in the northwest direction; i.e. there is a slight land-breeze. As
the land heats up; the wind turns clockwise due to the Coriolis force. At 12pm,
there is a significant sea breeze which attains its maximum at about 2pm. The sea
breeze ceases between 7 and 8pm. By 12am, there is an observed land-breeze. By
changing the value of α, one can get different values for the reversal height, lateral
extent and the velocities.

5. Significance of the height of the domain

In section (4), we described the reversal height zr as the height at which the
zonal wind changes its sign in the vertical. From equation (4.0.22), one can solve
for the approximate reversal height by setting φ(z) equal to H/2 as

(5.0.23) zr =
log(0.5eαH + 0.5)

α
for α < 0 .

If one takes the limit of (5.0.23) as H →∞, the result is:

(5.0.24) lim
H→∞

zr =
log(0.5)

α
.

In figure 6, we have plotted the reversal height for α = −0.0013. We see from
figure 6 that at a height of approximately 5000m, the reversal height attains its
asymptotic value. If we increase H from 5000m on, the circulations below and
above the reversal height will not change. This is because we are not changing
the diffusivities and the heating source. Therefore the horizontal and the lateral
extents at which the motion takes place stay the same.
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Figure 4. For the two-basis case, contours of the zonal velocity
and vertical velocity are plotted for the maximum sea breeze and
land breeze. Plot (a) is the contours of the zonal velocity and plot
(c) is the contours of the vertical velocity at around 2pm when
there is a maximum sea breeze. Similarly, plot (b) and (d) are the
contours of u and w for the maximum land breeze. Solid(dotted)
contours represent positive(negative) values. The vertical and hor-
izontal straight lines represent zero contour levels. The absolute
difference in the contour levels are approximately (0.60,0.24) in
plot (a), (0.16,0.41) in plot (b), (0.0050,0.0062) in plot (c) and
(0.0022,0.0031) in plot (d) where the the first(second) entry in the
pairs represents the difference between the positive(negative) con-
tour levels.
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Figure 5. Hourly hodograph for the horizontal velocity is plotted
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Figure 6. Approximate reversal height is plotted as a function of
the height of the domain for α = −0.0013.

It is worth noting that the actual height of the reversal is chosen by the reduced
system and the more flexibility one includes by enriching the function spaces, the
more it can deviate from (5.0.23).
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Figure 7. Contours of u and w corresponding to maximum sea
breeze for a smaller horizontal domain of length 440km. Contour
levels are the same as those given in the caption of figure 4.

6. Significance of the lateral boundaries

In the introduction, we have mentioned that the domain is chosen long enough
so that the lateral boundaries do not contaminate the solution. In this section, we
prove our claim by plotting the solutions for a smaller and a larger length. In figures
7 and 8, we see results for a smaller (L− 100km) and a larger length (L + 100km),
other parameters kept constant. What is observed is that there is no difference in
the motion within the three different simulations. As the length of the domain is
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Figure 8. Contours of u and w corresponding to maximum sea
breeze for a larger horizontal domain of length 840km. The contour
levels are the same as those given in the caption of figure 4.

decreased further however, especially when the domain length is comparable to the
motion’s lateral extent, changes are observed. Therefore, the length of the domain
being L = 320km is more than sufficient to guarantee that the lateral sides do not
contaminate the solution. This result has another consequence, that is the lateral
boundary conditions should not affect the solution. In our problem, we have chosen
vanishing velocities at the lateral sides. We have simulated the results for vanishing
normal derivatives for the velocities at the lateral boundaries as well. The resulting
contours are the same as in figure 4.
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7. General Galerkin Reduction

Suppose that {µj}N
j=1 is a collection of linearly independent functions in C3[0,H]

such that µj and µ′j both vanish at z = 0 and z = H. Also, let {νj}M
j=1 be a

collection of C2 functions on [0,H] such that νj(0) = νj(H) = 0. Based on these
functions we look for approximate solutions of the sea breeze model which generalize
those given in section (4). In particular take

(7.0.25) U(x, z, t) =
N∑

j=1

uj(x, t)µ′j(z) ,

(7.0.26) W (x, z, t) = −
N∑

j=1

∂xuj(x, t)µj(z) ,

(7.0.27) V (x, z, t) =
N∑

j=1

vj(x, t)µ′j(z) ,

(7.0.28) S(x, z, t) = g̃(x, z, t) +
M∑

j=1

Sj(x, t)νj(z) ,

where g̃(x, z, t) is defined in (4.0.21). Notice that by construction, we have ∂xU +
∂zW ≡ 0. To define our Galerkin reduction we require for j = 1, ..., N , x ∈ (−L,L)
and t > 0 that

(7.0.29) (Ut + UUx + WUz − fV, µ′j) = (−Px

ρm
+ K1Uxx + K2Uzz, µ

′
j) ,

(7.0.30) (Vt + UVx + WVz + fU, µ′j) = (K1Vxx + K2Vzz, µ
′
j) ,

where (f, g) =
∫ H

0
fg dz. We also require for j = 1, ...,M , x ∈ (−L,L) and t > 0

that

(7.0.31) (St + USx + WSz, νj) = (K1Sxx + K4Szz, νj) .

This is a system of 2N + M partial differential equations in x and t. We supply
the boundary conditions

uj(−L, t) = uj(L, t) = 0 for j = 1, ..., N, t > 0,

vj(−L, t) = vj(L, t) = 0 for j = 1, ..., N, t > 0,

∂xSj(−L, t) = ∂xSj(L, t) = 0 for j = 1, ..., M, t > 0.

For initial conditions, we suppose that all uj ’s, vj ’s and Sj ’s are identically zero. We
suppose that this system has a smooth solution. The function P (x, z, t) is defined
for each t by

(7.0.32)
{

∂zP (x, z, t) = −ρmg
θm

(S(x, z, t)− θm), (x, z) ∈ Ω,

P (x,H, t) = 0, x ∈ (−L,L).
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8. Stability of the Galerkin approximation

In this section, we give an energy argument that shows the stability of the reduced
equations. This stability is the basis of the convergence results of the next section.
Since these equations come from versions of the Navier-Stokes equations, it is not
surprising that the energy estimate is similar to that for a parabolic equation.
Specifically, we show that for tfinal > 0, there is a C such that for t ∈ [0, tfinal],

(8.0.33) ‖U(., t)‖2L2(Ω) + ‖V (., t)‖2L2(Ω) + ‖S(., t)‖2L2(Ω) ≤ C .

In this and the next section, we use K instead of K1, K2 and K4 to simplify
the notation. We also use C as a generic constant that depends on the parameters
of the problem. We also will use ‖ · ‖ as a shorthand for ‖ · ‖L2(Ω) for scalar and
vector-valued functions.

The Galerkin equations for U and V are such that we can use U and V as test
functions. Thus by taking the L2(Ω) inner product of the U and V equations with
U and V respectively, we get

(8.0.34)
1
2

d

dt

∫

Ω

(U2 + V 2) + K

∫

Ω

(|∇U |2 + |∇V |2) = − 1
ρm

∫

Ω

PxU .

In deriving this, we used the facts that
∫
Ω
(UUx +WUz)U = 0 =

∫
Ω
(UVx +WVz)V .

Note that

− 1
ρm

∫

Ω

PxU =
1

ρm

∫

Ω

PUx = − 1
ρm

∫

Ω

PWz = − g

θm

∫

Ω

SW ≤ C‖S‖‖W‖.

We adopt the notation S = g̃ + S̃. We cannot use S directly as a test function
in the S equation since S does not vanish on the boundary. We instead proceed to
develop a bound for S̃. Taking the inner product with S̃ gives
(8.0.35)
1
2

d

dt

∫

Ω

S̃2+K

∫

Ω

|∇S̃|2+
∫

Ω

(US̃x+WS̃z)S̃ = −
∫

Ω

(g̃t+Ug̃x+Wg̃z)S̃−K

∫

Ω

|∇g̃||∇S̃| .

Just as in the velocity equations, the divergence-free nature of (U,W ) gives that∫
Ω
(US̃x + WS̃z)S̃ = 0 = − 1

2

∫
Ω

S̃2(Ux + Wz). Using the relation

ab ≤ εa2 +
1
4ε

b2

which holds for any real a and b and any positive ε, we get that

(8.0.36)
d

dt
‖S̃‖2 + K‖∇S̃‖2 ≤ C(‖U‖+ ‖W‖+ 1)‖S̃‖+ C ,

where the C’s involve bounds for g̃ and its derivatives in the max norm on the
space-time cylinder. Combining (8.0.34) and (8.0.36), we get

d

dt
[‖U‖2 + ‖V ‖2 + ‖S̃‖2] + K‖∇S̃‖2 + 2K(‖∇U‖2 + ‖∇V ‖2) ≤

C(‖U‖+ ‖W‖+ 1)‖S̃‖ + C + C‖W‖‖‖S‖ .(8.0.37)
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In the right hand side of this relation, replace ‖S‖ by ‖S̃‖ + ‖g̃‖ and use the fact
that ‖W‖ ≤ C‖Wz‖ = C‖Ux‖. It follows that

d

dt
[‖U‖2 + ‖V ‖2 + ‖S̃‖2] + K‖∇S̃‖2 + 2K[‖∇U‖2 + ‖∇V ‖2]

≤ C‖U‖‖S̃‖ + C‖∇U‖‖S̃‖+ C‖S̃‖+ C

≤ K‖∇U‖2 + C[‖U‖2 + ‖S̃‖2 + 1] .(8.0.38)

In this, we used that C‖∇U‖ ≤ K
2 ‖∇U‖2 + C2

2K . From the above relation, we get
(8.0.39)
d

dt
[‖U‖2 + ‖V ‖2 + ‖S̃‖2] + K[‖∇U‖2 + ‖∇V ‖2 + ‖∇S̃‖2] ≤ C(‖U‖2 + ‖S̃‖2 + 1) .

By Gronwall’s inequality, we then get that on any interval [0, tfinal], the L2(Ω)
norms of U , V , and S̃ are bounded. Then using S = S̃ + g̃, we get the bound
(8.0.33) claimed for U , V and S.

The stability argument above gives a bound in a somewhat stronger norm than
explicitly claimed in (8.0.33), and since this norm appears in the convergence esti-
mate of the next section, we will develop it here. Suppose that

ϑ : J = (0, tfinal) → X

where X is equipped with a (semi)norm ‖ · ‖X . If the function %(t) = ‖ϑ(t)‖X is in
Lp(J), we use the notation

‖ϑ‖Lp(J;X) = ‖%‖Lp(J).

When the time interval is clear from context, we shorten this to ‖ϑ‖Lp(X). Let
N =span(µ′j)

N
j=1 and M =span(νj)M

j=1. For any sufficiently nice function f defined
on Ω define two semi-norms

‖f‖H−1
M

= sup
‖∇σ‖=1

∫

Ω

fσ

where σ(x, y) =
∑M

j=1 σj(x)νi(z) with σ′j(±L) = 0 and

‖f‖H−1
N

= sup
‖∇%‖=1

∫

Ω

f%

where %(x, y) =
∑N

j=1 %j(x)µ′j(z) with %j(±L) = 0. Using these, define for suffi-
ciently smooth functions z = (z1, z2, z3) mapping J into H1(Ω)3, the norm
(8.0.40)
|||z|||2p = ‖z‖2L∞(L2(Ω))+‖z‖2L2(H1(Ω))+‖∂tz1‖2Lp(H−1

N )
+‖∂tz2‖2Lp(H−1

N )
+‖∂tz3‖2Lp(H−1

M )

for 1 ≤ p < ∞. For the case p = 2, we use the short hand ||| · |||. We would prefer
to deal only with ||| · |||, but weak control over W doesn’t permit that. The stability
argument given implies that for any tfinal > 0, there is a C dependant on g̃ and
the parameters of the problem such that

|||(U, V, S)||| 4
3
≤ C.

To see this, we need only check the bound on the semi-norms of the time derivatives
since the L∞(L2(Ω)) and L2(H1(Ω)) terms were done in detail. Note that if we use
a test function σ(x, z) =

∑M
j=1 σj(x)νj(z) with ‖σ‖H1(Ω) = 1 in equation (7.0.31),
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we get an expression for (St, σ). All the terms are easily bounded in terms of
‖σ‖H1(Ω) except the advection term. For that term use the following

∫

Ω

(USx + WSz)σ = −
∫

Ω

(Ux + Wz)Sσ + (Uσx + Wσz)S

= −
∫

Ω

(Uσx + Wσz)S ≤ (‖US‖+ ‖WS‖) ‖∇σ‖ ≤ ‖US‖+ ‖WS‖.
We need to bound these terms in such a way that the bounds are in Lp(J) for
appropriate p. First,

∫

Ω

U2S2dxdz =
∫ H

0

∫ L

−L

U2(x, z)S2(x, z)dxdz

≤
∫ H

0

( max
x∈[−L,L]

S2(x, z))(
∫ L

−L

U2(x, z)dx)dz

≤ ( max
z∈[0,H]

∫ L

−L

U2(x, z)dx)
∫ H

0

max
x∈[−L,L]

S2(x, z)dz.

For zo ∈ [0,H]; since U(x, 0) ≡ 0,
∫ L

−L

U2(x, zo)dx =
∫ zo

0

d

dz

∫ L

−L

U2(x, z)dxdz = 2
∫ zo

0

∫ L

−L

UUz(x, z)dxdz.

Using the fact that U(x,H) ≡ 0 too and adding the results we get that
∫ L

−L

U2(x, zo)dx ≤
∫ H

0

∫ L

−L

|UUz(x, z)|dxdz ≤ ‖U‖‖∇U‖.

Since the bound does not depend on zo, we can take the max norm over zo to get

max
z∈[0,H]

∫ L

−L

U2(x, z)dx ≤ ‖U‖‖∇U‖.

The bounding of the S2 term is a little different since it does not vanish on the left
and right boundaries. For any xo and x1 in [−L, L] and z ∈ [0,H]

S2(xo, z) = S2(x1, z) +
∫ xo

x1

∂x(S2(x, z))dx

≤ S2(x1, z) + 2
∫ L

−L

|SSx(x, z)|dx.

If we integrate with respect to x1, we get

(2L)S2(xo, z) ≤
∫ L

−L

S2(x, z)dx + (4L)
∫ L

−L

|SSx(x, z)|dx.

Hence

max
xo∈[−L,L]

S2(xo, z) ≤ C(
∫ L

−L

S2(x, z)dx +
∫ L

−L

|SSx(x, z)|dx).

This implies that
∫ H

0

max
xo∈[−L,L]

S2(xo, z)dz ≤ C

∫

Ω

(S2 + |SSx|)dxdz

≤ C(‖S‖2 + ‖S‖‖∇S‖) ≤ C‖S‖‖S‖H1(Ω).
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At this point, let us introduce another notation as ‖ · ‖1 = ‖ · ‖H1(Ω). Then

‖US‖ ≤ C(‖U‖‖U‖1‖S‖‖S‖1)1/2 = C(‖U‖‖S‖)1/2(‖U‖1‖S‖1)1/2.

The first term in the bound is in L∞(J) and the second is in L2(J). Hence we get
that the function ‖US‖ is in L2(J).

It would be nice if we could treat ‖WS‖ the same way, but we do not have
control of ‖W‖1.

∫

Ω

W 2S2dxdz ≤ ( max
x∈[−L,L]

∫ H

0

S2(x, z)dz)(
∫ L

−L

max
z∈[0,H]

W 2(x, z)dx).

Since

max
z∈[0,H]

W 2(x, z) ≤
∫ H

0

|WWz|dz,

∫ L

−L

max
z∈[0,H]

W 2(x, z)dx ≤ ‖W‖‖Wz‖ ≤ C‖U‖21.

For xo, x1 ∈ [−L, L],
∫ H

0

S2(xo, z)dz =
∫ H

0

S2(x1, z)dz +
∫ x1

x0

d

dx

∫ H

0

S2(x, z)dzdx

=
∫ H

0

S2(x1, z)dz + 2
∫ x0

x1

∫ H

0

SSx(x, z)dzdx.

Thus ∫ H

0

S2(xo, z)dz ≤ C[‖S‖2 + ‖S‖‖Sx‖] ≤ C‖S‖‖S‖1

‖WS‖ ≤ ‖S‖1/2‖S‖1/2
1 ‖U‖1.

The first term in the bound is in L∞(J), the next is in L4(J) and the last is in
L2(J). If f ∈ L4(J) and g ∈ L2(J) then for 1

p + 1
q = 1

∫

J

|fg|sdt ≤ (
∫

J

|f |spdt)
1
p (

∫

J

|g|sqdt)
1
q .

Take p = 3, q = 3
2 , s = 4

3 and note that sp = (3)( 4
3 ) = 4, sq = ( 4

3 )( 3
2 ) = 2. This

establishes the fact that there is a C such that

‖St‖
L

4
3 (H−1

M )
≤ C.

The Ut- and Vt-terms are very similar to the St-term. Together these give

(8.0.41) |||(U, V, S)||| 4
3
≤ C .

9. Convergence of the Galerkin solution

Let Υ1 = (u, v, θ) be the solution of the sea breeze model of section 2, and let
Υ2 = (U, V, S) be the Galerkin approximation for a given collection of functions
{µ′j}N

j=1 and {νj}M
j=1 as described in section 7. Take Υ3 = (U3, V3, S3) to be any

function of the form
U3(x, z, t) = ΣN

j=1U3,j(x, t)µ′j(z)

V3(x, z, t) = ΣN
j=1V3,j(x, t)µ′j(z)

S3(x, z, t) = g̃(x, z, t) + ΣM
j=1S3,j(x, t)νj(z)
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where the functions U3,j , V3,j and S3,j are smooth and are such that U3,V3 and
S3,x vanish at x = ±L. In addition, U3,j ,V3,j , and S3,j vanish at t = 0.

We will show in this section that if there is a Υ3 that is close to Υ1 then Υ2 is
also close to Υ1. That is, if the spaces N =span{µ′j}N

j=1 and M =span{νj}M
j=1 are

sufficiently rich that we can approximate the solution of the sea breeze model well,
then the Galerkin solution does a good job of approximating it. As in the previous
section, let J = (0, tfinal). Define for B > 0

QB = {Υ = (ϕ1, ϕ2, ϕ3) : ‖ϕj‖L∞(Ω×J) ≤ B, ‖∇ϕj‖L∞(Ω×J) ≤ B, j = 1, 2, 3}.
We assume for a suitable B that Υ1 ∈ QB and we require that Υ3 ∈ QB as well.
Here, we do not expect to use the minimum B such that Υ1 ∈ QB , so the constraint
on Υ3 is rather weak. The generic constants that arise in the estimates below are
allowed to depend on B. The results of this section are not quite symmetric error
estimates, but the use of QB in constraining the Υ3 is similar to section 3.2 of [3].

We will sometimes use the notation

Υi = (Ui, Vi, Si)

to have a unified way of addressing the parts of these functions. We will associate
to each Υi a Wi that is defined by (1) Wi vanishing at the bottom of the domain
and (2) the pair (Ui,Wi) being divergence free in the sense that ∂xUi + ∂zWi = 0.
We denote the pair (Ui,Wi) by U i when convenient. Similarly, there is a Pi for
each Υi that is built from Si by the relation (7.0.32). Note that if ∂xUi is bounded
so is ∂zWi, and this implies that Wi is bounded.

We adopt the addition notation

(9.0.42) Ψij = Ψi −Ψj ,

for Ψ = Υ, U, V,W, S or P . The principle results of this section are the following:
Theorem: There is a C that depends on tfinal,B, and the parameters of the sea

breeze model, but not on M and N , such that

|||Υ1 −Υ2||| 4
3
≤ C|||Υ1 −Υ3|||.

Corollary: The error in the reduced dimension model, Υ1 −Υ2, satisfies

|||Υ1 −Υ2||| 4
3
≤ C inf

Υ3
|||Υ1 −Υ3|||

where the infimum is restricted to Υ3’s in QB of the form specified above.
The corollary follows instantly from the theorem.
Proof of the Theorem: From (7.0.29) and the differential equation (2.0.1), we

get that for ϕ ∈ N ,

(U2t + U2U2x + W2U2z − fV2 +
1

ρm
P2x −K(U2xx + U2zz), ϕ)

= (U1t + U1U1x + W1U1z − fV1 +
1

ρm
P1x −K(U1xx + U1zz), ϕ).

Next we subtract a similar expression based on Υ3 from each side

(U23
t + U2U

23
x + W2U

23
z − fV 23 +

1
ρm

P 23
x −K(U23

xx + U23
zz ), ϕ)

= (U13
t + U1U1x −U2U3x + W1U1z −W2U3z − fV 13 +

1
ρm

P 13
x −K(U13

xx + U13
zz ), ϕ).
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In the following, (·, ·)Ω will denote the L2(Ω) inner product. Since both U2 and U3

are in N , we can take ϕ = U23 and integrate with respect to x. This gives
1
2

d

dt
‖U23‖2 + (U2 · 5U23, U23)− (fV 23, U23)Ω + (

1
ρm

P 23
x , U23)Ω + K‖∇U23‖2 =

(U13
t , U23)Ω + (U1 · 5U1 − U2 · 5U3, U

23)Ω − (fV 13, U23)+

(
1

ρm
P 13

x , U23)Ω + K(5U13,5U23)Ω.

Note that the term (U2 · 5U23, U23)Ω vanishes. If we treat the equation (7.0.30)
in a similar way, we get

1
2

d

dt
‖V 23‖2 + (fU23, V 23)Ω + K‖∇V 23‖2 =

(V 13
t , V 23)Ω + (U1 · 5V1 − U2 · 5V3, V

23)Ω + (fU13, V 23)Ω + K(5V 13,5V 23)Ω.

Adding these two relations gives

(9.0.43)
1
2

d

dt
(‖U23‖2 + ‖V 23‖2) + (

1
ρm

P 23
x , U23) + K(‖∇U23‖2 + ‖∇V 23‖2) =

(U13
t , U23)Ω+(V 13

t , V 23)Ω+(U1 ·∇U1−U2 ·5U3, U
23)Ω+(U1 ·V1−U2 ·5V3, V

23)Ω−
(fV 13, U23)Ω+(fU13, V 23)Ω+(

1
ρm

P 13
x , U23)+K[(∇U13,∇U23)Ω+(∇V 13,∇V 23)Ω].

As in the stability argument, we will integrate the pressure terms by parts, use
divergence free nature of the flow, integrate by parts again, and finally use the
definition of the pressure. We get that

(
1

ρm
P 23

x , U23)Ω = (
1

ρm
P 23, W 23

z )Ω = (− 1
ρm

P 23
z ,W 23)Ω =

g

θm
(S23,W 23)Ω

and
(

1
ρm

P 13
x , U23)Ω =

g

θm
(S13,W 23)Ω.

We need to manipulate the S-equation (7.0.31) in a similar way to get that for
ϕ ∈M,

(S23
t +U2 ·∇S23−K(S23

xx +S23
zz), ϕ) = (S13

t +U1 ·∇S1−U2 ·∇S3−K(S13
xx +S13

zz), ϕ).

Since the g̃ terms cancel out, the Sij terms vanish on the top and bottom. Since
S3 satisfies the zero derivative boundary conditions at x = ±L, the Sij terms also
have the property that their derivatives vanish at x = ±L. We replace ϕ by S23

and integrate with respect to x to get
(9.0.44)
1
2

d

dt
‖S23‖2+K‖∇S23‖2 = (S13

t , S23)Ω+(U1·∇S1−U2·∇S3, S
23)Ω+K(∇S13,∇S23)Ω ,

Again, the advective term (U2 · ∇S23, S23) vanishes because U2 is divergence free.
We have three terms of the form

(U1 · ∇ϕ1 − U2 · ∇ϕ3, ϕ
23)

where ϕ = U ,V and S. We will illustrate the modification of this term using ϕ = U ,
but the three are treated the same way. Note that

U1 ·∇U1−U2 ·∇U3 = U1 ·∇U1−U1 ·∇U3+U1 ·∇U3−U3 ·∇U3+U3 ·∇U3−U2 ·∇U3

= U1 · ∇U13 + U
13 · ∇U3 − U

23 · ∇U3.
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Since U1,∇U1 and ∇U3 are bounded,

|(U1 · ∇U1 − U2 · ∇U3, U
23)Ω| ≤ ‖U1‖L∞‖∇U13‖‖U23‖+ ‖U13‖‖∇U3‖L∞‖U23‖+

‖U23‖‖∇U3‖L∞‖U23‖ ≤ ε‖∇U23‖2 + C‖U23‖2 + C‖∇U13‖2
where C depends on the L∞ bounds and on ε. Similarly

U1 · ∇V1 − U2 · ∇V3 = U1 · ∇V 13 + U
13 · ∇V3 − U

23 · ∇V3.

So

|(U1 · ∇V1 − U2 · ∇V3, V
23)Ω| ≤ ‖U1‖L∞‖∇V 13‖‖V 23‖+ ‖U13‖‖∇V3‖L∞‖V 23‖+

‖U23‖‖∇V3‖L∞‖V 23‖ ≤ ε‖∇U23‖2 + C‖V 23‖2 + C(‖V 13‖21 + ‖U13‖21).
Also,

|(U1 · ∇S1 − U2 · ∇S3, S
23)Ω| ≤ ε‖∇U23‖2 + C‖S23‖2 + C(‖S13‖21 + ‖U13‖21).

Adding equations (9.0.43) and (9.0.44) and using the bounds obtained above
yield

(9.0.45)
1
2

d

dt
(‖U23‖2 +‖V 23‖2 +‖S23‖2)+K(‖∇U23‖2 +‖∇V 23‖2 +‖∇S23‖2) ≤

C(‖U23‖2 + ‖V 23‖2 + ‖S23‖2) + ε(‖U23‖21 + ‖V 23‖21 + ‖S23‖21)+
C(‖U13‖21 + ‖V 13‖21 + ‖S13‖21) + C(‖U13

t ‖2
H−1

N

+ ‖V 13
t ‖2

H−1
N

+ ‖S13
t ‖2H−1

M

).

Applying Gronwall inequality to (9.0.45) gives that

‖Υ23‖2L∞(L2) + ‖Υ23‖2L2(H1) ≤ |||Υ13|||2.
Next, we would like to bound the negative index semi-norms on Υ23

t . We start
with U23

t . Take ϕ ∈ H1(Ω) such that ϕ(x, ·) ∈ N for each x and such that ϕ vanishes
at the left and right boundaries. In addition, we require that ‖ϕ‖H1(Ω) = 1. Then

(U23
t , ϕ)Ω = −(U2 · ∇U23 − fV 23 +

1
ρm

P 23
x , ϕ)Ω −K(∇U23,∇ϕ)Ω+

(U13
t + U1 · ∇U1 − U2 · ∇U3 − fV 13 +

1
ρm

P 13
x , ϕ)Ω + K(∇U13,∇ϕ)Ω.

Next note that P ij
z = −ρmg

θm
Sij and P ij(x,H, z) = 0 imply that

‖P ij
x ‖ ≤ C‖Sij

x ‖.
From this, we conclude that

(U23
t , ϕ)Ω ≤ C[‖V 23‖+ ‖S23‖1 + ‖U23‖1 + ‖U13

t ‖H−1
N

+

‖U13‖1 + ‖V 13‖+ ‖S13‖1]− (U2 · ∇U23, ϕ)Ω.

The term in brackets is in L2(J), so is easy. The last term is the trouble maker,
just as in the stability estimate. We can bound this term as

−(U2 · ∇U23, ϕ) = (U23, U2 · ∇ϕ)

≤ ‖U23U2‖+ ‖U23W2‖.
Proceeding very much as we did in section 8, we see that these terms can be bound
by

(‖U23‖‖U23‖1‖U2‖‖U2‖1) 1
2 + (‖U23‖‖U23‖1‖W2‖‖W2z‖) 1

2 .
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Now,∫

J

‖U23‖‖U23‖1‖U2‖‖U2‖1dt ≤ ‖U23‖L∞(L2)‖U2‖L∞(L2)‖U23‖L2(H1)‖U2‖L2(H1).

Hence if q1(t) = (‖U23‖‖U23‖1‖U2‖‖U2‖1) 1
2 , we have∫

J

q2
1dt ≤ ‖U23‖L∞(L2)‖U2‖L∞(L2)

∫

J

‖U23
1 ‖‖U2‖1dt

≤ ‖U23‖L∞(L2)‖U2‖L∞(L2)‖U23‖L2(H1)‖U2‖L2(H1)

≤ C[‖U23‖2L∞(L2) + ‖U23‖2L2(H1)].

Next we take q2(t) = (‖U23‖‖U23‖1‖W2‖‖W2z‖) 1
2 .The bound we have for q2 is

q2(t) ≤ (‖U23‖‖U23‖1‖U2‖21)
1
2

∫

J

q
4
3
2 dt ≤

∫

J

‖U23‖ 2
3 ‖U23‖

2
3
1 ‖U2‖

4
3
1 dt

≤ ‖U23‖
2
3
L∞(L2)

∫

J

‖U23‖
2
3
1 ‖U2‖

4
3
1 dt

≤ ‖U23‖
2
3
L∞(L2)(

∫

J

(‖U23‖
2
3
1 )3)

1
3 (

∫

J

(‖U2‖
4
3
1 )

3
2 )

2
3 .

Hence
‖q2‖

L
4
3 (J)

≤ ‖U23‖
1
2
L∞(L2)‖U23‖

1
2
L2(H1)‖U2‖L2(H1)

≤ C[‖U23‖L∞(L2) + ‖U23‖L2(H1)].
This implies that there is a C such that

‖U23
t ‖

L
4
3 (H−1

N )
≤ C|||Υ13|||.

The terms for Vt and St are a little easier since the px term is missing. Thus we
conclude that

|||Υ23||| 4
3
≤ C|||Υ13|||.

Hence

|||Υ12||| 4
3
≤ |||Υ13||| 4

3
+ |||Υ23||| 4

3
≤ max(1, t

1
4
final)|||Υ13|||+ C|||Υ13|||.
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