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Abstract. A symmetric error estimate for Galerkin approximation of solu-
tions of the Navier-Stokes equations in two space dimensions plus time is given.
The finite dimensional function spaces are taken to be divergence free. The
estimate is similar to known results for scalar parabolic equations. An appli-
cation of the result is given for mixed method formulations.

1. Introduction

A symmetric error estimate for an numerical method is a statement that, in a
certain norm, the error for the approximation produced by that method is best
possible, up to a constant factor; i.e.,

|||error||| ≤ C|||best approximation error|||.

For second order elliptic problems, the basic error estimate for the Galerkin approx-
imations is a symmetric estimate in the H1-norm. Some symmetric error estimates
for parabolic equations can be found in [3, 4, 1, 5].

In this paper, we examine Galerkin approximations of solutions of the time-
dependent two-dimensional Navier-Stokes equations on a bounded domain with
zero boundary conditions. We consider the case in which the approximate solution
is required to be divergence free. We prove stability for the Galerkin approximation
on a finite time interval in a norm that is then used in the symmetric error estimate.
In [2] an error estimate is given for the Stokes equation (see section 12.3) that is
symmetric if one restricts to divergence-free spaces. In section 2, we introduce
the boundary value problem and define some notion. In section 3, we define the
Galerkin approximation and give a bound for it. In section 4, we state and prove
the symmetric error estimate. In section 5, we show that the estimate applies to
certain mixed method approximations of the same problem.

2. The Problem and notation

We are interested in approximating smooth solutions of the Navier-Stokes equa-
tions. Let Ω be a bounded domain in R

2. Let for some tfinal > 0, J = (0, tfinal)

and take Q = Ω×J . Suppose that u : Q → R
2, p : Q → R are smooth functions
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such that on Q

ut + u · ∇u +
1

ρ
∇p − K△u = F,(2.1)

∇ · u = 0,(2.2)

where ∇ is the spatial gradient operator and △ is Laplacian and F is a function in
L2(Q)2. Here, ρ and K are positive constants, the density and kinematic viscosity,
respectively. We suppose that u vanishes on the boundary of Ω, ∂Ω.

Let X be a norm space with norm ‖ · ‖X and suppose that f : J → X For
sufficiently nice functions f define for 1 ≤ p ≤ ∞

‖f‖Lp(X) = ‖‖f(·)‖X‖Lp(J).

Let (·, ·)Ω denote the L2(Ω) inner product. We use this notation also for the in-
ner product on L2(Ω)2. For nonnegative integers k, we use the notation ‖f‖k =
‖f‖Hk(Ω), and we use the same notation for scalar or vector-valued functions. For

k = 0, we use ‖ · ‖. For M a subspace of H1
0 (Ω)2 and f ∈ L2(Ω)2, we define the

following semi-norm:

‖f‖H−1

M

= sup
06=σ∈M

(f, σ)Ω
‖∇σ‖

.

A norm that plays a central role here is defined for (sufficiently nice) functions
f mapping Q into R

2

|||f |||2 = ‖f‖2
L∞(L2(Ω)) + ‖f‖2

L2(H1

0
(Ω)) + ‖ft‖

2
L2(H−1

M
(Ω))

.

This norm depends on M of course.

3. Galerkin approximation and a Bound

Let

a(w, v) = K

∫

Ω

∇w∇v,

c(w; s, v) =

∫

Ω

(w · ∇s) · v,

and note that for divergence-free functions φ ∈ H1
0 (Ω)2,

(3.1) (ut, φ)Ω + c(u, u, φ) + a(u, φ) = (F, φ)Ω, t ∈ J ,

Let M be a finite-dimensional subspace of the set of divergence-free functions in
H1

0 (Ω)2. Define a function U mapping J into M by

(3.2) (u(0) − U(0), φ)Ω = 0, φ ∈ M ,

(3.3) (U t, φ)Ω + c(U, U, φ) + a(U, φ) = (F, φ)Ω, φ ∈ M, t ∈ J ,

where we identify U(t) with U(·, ·, t). If n is the dimension of M then (3.3) gives
a system of n ordinary differential equations that define the evolution of U . The
condition (3.2) defines U(0) as the L2(Ω) projection of u(0) into M. The existence
of U on the entire interval follows if U is bounded on the interval where it is defined.
We give such a bound here.

Theorem 3.1. There is a constant C that depends on K, ‖u(0)‖, ‖F‖L2(H−1

M
), and

Ω, such that

|||U ||| ≤ C.
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Proof. If for each t we replace φ in (3.2) by U(t) we get easily that

(3.4)
1

2

d

dt
‖U‖2+K‖∇U‖2 = (F, U ) ≤ ‖F‖H−1

M

‖∇U‖ ≤
1

2
K‖∇U‖2+

1

2K
‖F‖2

H−1

M

,

From this, it follows that for each t ∈ J

(3.5) ‖U(t)‖2 + K

∫ t

0

‖∇U‖2 ≤
1

K

∫ t

0

‖F‖2
H−1

M

+ ‖u(0)‖2 ,

Thus

‖U‖2
L∞(L2(Ω)) + ‖U‖2

L2(H1(Ω)) ≤ C

where C depends on K, ‖u(0)‖, ‖F‖L2(H−1

M
), and Ω.

Take φ ∈ M such that ‖∇φ‖ = 1 and ‖U t‖H−1

M

= (U t, φ)Ω. Then

‖U t‖H−1

M

= −(U · ∇U, φ)Ω − K(∇U,∇φ)Ω + (F, φ)Ω

= (UU
T
,∇φ)Ω − K(∇U,∇φ)Ω + (F, φ)Ω,

where U is viewed as a column vector and U
T

is its transpose. To be completely
clear, we will write U = (U1, U2)

T and φ = (φ1, φ2)
T , and note that

(UU
T
,∇φ)Ω =

∫

Ω

U2
1 φ1,x + U1U2φ1,y + U1U2φ2,x + U2

2 φ2,y

≤

∫

Ω

(U4
1 + 2U2

1 U2
2 + U4

2 )
1

2 (φ2
1,x + φ2

1,y + φ2
2,x + φ2

2,y)
1

2

≤ (

∫

Ω

(U2
1 + U2

2 )2)
1

2 ‖∇φ‖

≤ (

∫

Ω

|U |4)
1

2 = ‖U‖2
L4(Ω).

Since (see appendix)

‖U‖2
L4(Ω) ≤ C‖U‖‖∇U‖,

it follows that ‖U t‖H−1

M

is in L2(J) in time with a bound that depends only on

‖u(0)‖, K, and ‖F‖L2(H−1

M
). Hence |||U ||| is bounded. �

4. Symmetric error estimate

Let U1 = u(·, ·, t) be the solution of equations (2.1)-(2.2) and U2 = U2(·, ·, t) the
Galerkin approximation. Define for any B > 0

SB = {(ϕ1, ϕ2) : ‖ϕj‖L∞(Q) ≤ B, ‖∇ϕj‖L∞(Q) ≤ B, j = 1, 2}.

We assume for a suitable B that U1 ∈ SB.
Take U3 to be any smooth function from J into M ∩ SB. Our claim is that if

U3 is close to U1 then U2 is also close to U1. That is, if the space M is sufficiently
rich that we can approximate the solution of the Navier-Stokes equations well, then
the Galerkin solution does a good job of approximating it. Here, we do not expect
to use the minimum B such that U1 ∈ SB, so the constraint on U3 is rather weak.
We are not assuming that the Galerkin solution U2 takes values in SB. The generic
constants that arise in the estimates below are allowed to depend on B. The use
of constrained approximation for symmetric error estimates was introduced in [4]
for nonlinear parabolic equations.
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We adopt the addition notation

(4.1) U
ij

= U i − U j .

Theorem 4.1. There is a C that depends on B, K, and Q, but not on M, such

that

(4.2) |||U1 − U2||| ≤ C|||U 1 − U3||| .

Proof. Using (3.1) and (3.3) we see that for any φ ∈ M,
(4.3)

(U
23

t , φ)Ω+c(U2, U
23
, φ)+a(U

23
, φ) = (U

13

t , φ)Ω+c(U1, U1, φ)−c(U2, U3, φ)+a(U
13
, φ).

Taking φ = U
23

and using the fact that c(U2, U
23

, U
23

) = 0 gives

1

2

d

dt
‖U

23
‖2+K‖∇U

23
‖2 = (U

13

t , U
23

)Ω+(U1·∇U1−U2·∇U3, U
23

)Ω+K(∇U
13

,∇U
23

)Ω.

Note that

U1 · ∇U1 − U2 · ∇U3 = U1 · ∇U
13

+ U
13

· ∇U3 − U
23

· ∇U3.

Since U1,∇U1 and ∇U3 are bounded by B,

|(U1 · ∇U1 − U2 · ∇U3, U
23

)Ω| ≤‖U1‖L∞‖∇U
13
‖‖U

23
‖ + ‖U

13
‖‖∇U3‖L∞‖U

23
‖

+ ‖U
23
‖‖∇U3‖L∞‖U

23
‖

≤ǫ‖∇U
23
‖2 + C‖U

23
‖2 + C‖∇U

13
‖2

where C depends on B and on ǫ. The bounds

|(U
13

t , U
23

)Ω| ≤ C[‖U
13

t ‖2
H−1

M

+ ‖U
23
‖2
1]

and
|(K∇U

13
,∇U

23
)Ω| ≤ ǫ‖∇U

23
‖2 + C‖∇U

13
‖2.

then imply (with ǫ = K/4) that

d

dt
‖U

23
‖2 + K‖∇U

23
‖2 ≤ C[‖U

13

t ‖2
H−1

M

+ ‖U
23
‖2 + ‖∇U

13
‖2].

Now, Gronwall’s inequality and the fact that ‖U
23

(0)‖ ≤ ‖U
13

(0)‖ yield

‖U
23
‖2

L∞(L2(Ω)) + K‖∇U
23
‖2

L2(Q) ≤ C|||U
13
|||2.

To complete the proof we need only bound the negative index semi-norm of U
23

t .
Take φ such that ‖∇φ‖ = 1. From (4.3), we have

(U
23

t , φ)Ω = (U
13

t , φ)Ω+(U1·∇U1−U2·∇U3, φ)Ω+a(U
23

, φ)−c(U2, U23, φ)−a(U
13

, φ).

This gives

|(U
23

t , φ)Ω| ≤|(U
13

t , φ)Ω| + |(U1 · ∇U1 − U2 · ∇U3, φ)Ω| + |K(∇U
23

,∇φ)Ω|

+ |(U2 · ∇U23, φ)Ω| + |K(∇U
13

,∇φ)Ω|.

Using

|(U1 · ∇U1 − U2 · ∇U3, φ)Ω| ≤ C[‖∇U
13
‖ + ‖U

13
‖ + ‖U

23
‖]‖∇φ‖

we get

|(U
23

t , φ)Ω| ≤ C
(

‖∇U
23
‖ + ‖U

13

t ‖H−1

M

+ ‖∇U
13
‖ + ‖U

13
‖ + ‖U

23
‖
)

‖∇φ‖+|(U2·∇U
23

, φ)Ω|.
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All of the terms in the big parenthesis are in L2(J). The last term on the right
hand side can be bounded as follows:

|(U2 · ∇U
23

, φ)Ω| ≤ (‖U
23
‖‖U

23
‖1‖U2‖‖U2‖1)

1/2‖∇φ‖.

The last inequality follows a similar argument that was used in section 3. If µ(t) =

(‖U
23
‖‖U

23
‖1‖U2‖‖U2‖1)

1

2 , we have

∫

J

µ2dt ≤ ‖U
23
‖L∞(L2)‖U2‖L∞(L2)

∫

J

‖U
23
‖1‖U2‖1dt

≤ ‖U
23
‖L∞(L2)‖U2‖L∞(L2)‖U

23
‖L2(H1)‖U2‖L2(H1)

≤ C[‖U
23
‖2

L∞(L2) + ‖U
23
‖2

L2(H1)].

Thus we have that ‖U
23

t ‖L2(H−1

M
) ≤ C|||U

13
|||. �

5. Application to mixed methods

Suppose that Vh ⊂ H1
0 (Ω)2 and Πh ⊂ L2(Ω) are finite dimensional spaces. Define

b(w, z) = −

∫

Ω

(div w)z.

Then a mixed formulation approximation can be defined by requiring that for each
t ∈ J

(U t, v)Ω + c(U ; U, v) + a(U, v) + b(v, P ) = (F, v)Ω, v ∈ Vh,

b(U, q) = 0, q ∈ Πh,

where U : J → Vh and P : J → Πh. The initial conditions U(0) and P (0) are taken
such that

(U (0) − u(0), v)Ω + b(v, P (0)) = 0, v ∈ Vh,

b(U(0), q) = 0, q ∈ Πh.

Now suppose that Vh and Πh have been chosen so that the set

M = {w ∈ Vh : b(w, q) = 0 for all q ∈ Πh}

contains only divergence-free functions. Not all reasonable mixed method spaces
will have this property, but examples do exist, for example, Πh = div Vh. With this
assumption, U : J → M, and, on J , U satisfies

(Ut, v)Ω + c(U ; U, v) + a(U, v) = (F, v)Ω, v ∈ M.

Also the initial value U(0) is in M and satisfies

(U(0) − u(0), v)Ω = 0, v ∈ M.

Hence the symmetric error estimate applies to U .
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Appendix A. Bound on L4 norm

Lemma A.1. If v ∈ H1
o (Ω) where Ω is a bounded domain in R2 then

‖v‖4
L4(Ω) ≤ ‖v‖2‖vx‖‖vy‖ ≤

1

2
‖v‖2‖∇v‖2.

Proof. Without loss of generality, we can assume that v ∈ C∞
o (Ω) is extended by

zero to R
2. Suppose that g has compact support on R. Then it is elementary that

max g2 ≤

∫

|gg′|dx.

Now,
∫ ∫

v4dxdy ≤

∫

[max
x

v2(x, y)

∫

v2dx]dy

≤ (max
y

∫

v2(x, y)dx)(

∫

max
x

v2(x, y)dy)

≤ (

∫

max
y

v2(x, y)dx)(

∫

max
x

v2(x, y)dy).

Hence

‖v‖4
L4(Ω) ≤ (

∫ ∫

|vvy|dydx)(

∫ ∫

|vvx|dxdy) ≤ ‖v‖2‖vy‖‖vx‖

≤ ‖v‖2 ·
1

2
(‖vy‖

2 + ‖vx‖
2) =

1

2
‖v‖2‖∇v‖2.

�
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